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1. Solution: D

Let G = viewer watched gymnastics, B = viewer watched baseball, S = viewer watched soccer.
Then we want to find

Pr| (GUBUS) |=1-Pr(GuUBUS)
=1-[Pr(G)+Pr(B)+Pr(S)-Pr(GnB)-Pr(GnS)-Pr(BNS)+Pr(GNBNS)]|
=1-(0.28+0.29+0.19-0.14-0.10-0.12+0.08) =1-0.48=0.52

2. Solution: A

Let R = referral to a specialist and L = lab work. Then
P[RNL]=P[R]+P[L]-P[RUL]=P[R]+P[L]-1+P[(RuUL)]
= p[R]+ P[L]-1+P[R°*nL]=0.30+0.40-1+0.35=0.05.

3. Solution: D

FP”[S,:C?:]: P[A]+P[B]-P[ANB]
P[AUB®|=P[A]+P[B°|-P[AnB’]

Then add these two equations to get

P[AUB]+P[ AUB®|=2P[A]+(P[B]+P[B*])-(P[AnB]+P[ AnB*])
07+0.9=2P[A]+1-P[(AnB)U(ANB)]

1.6=2P[A]+1-P[A]

P[A]=0.6
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4. Solution: A

Fori=1,2, let Rj = event that a red ball is drawn from urn i and let B; = event that a blue ball is

drawn from urn i. Then, if x is the number of blue balls in urn 2,
0.44 = Pr[(leRz)U(BlmBz)]= Pr[leR2]+Pr[BlmBz]

=Pr[R,]Pr[R,]+Pr[B,]Pr[B,]
:%(xi6j+%(xj16j

Therefore,

32 N 3x  3x+32
X+16 x+16 x+16
2.2Xx+35.2=3x+32

0.8x=3.2
Xx=4

2.2

5. Solution: D

Let N(C) denote the number of policyholders in classification C. Then

N(Young and Female and Single)

= N(Young and Female) — N(Young and Female and Married)

= N(Young) — N(Young and Male) — [N(Young and Married) — N(Young and Married
Male)]

= 3000 — 1320 — (1400 - 600) = 880.

6. Solution: B

Let

H = event that a death is due to heart disease

F = event that at least one parent suffered from heart disease
Then based on the medical records,

p[H(ch]ZZ”*402:108

937 937
P[FC]:937—312:625
937 937

and P[H|F°]=P =0.173

[HAF*] 108/625 108
P[F¢] 937/ 937 625

Page 3 of 213

and



7. Solution: D

Let A = event that a policyholder has an auto policy and H = event that a policyholder has a
homeowners policy. Then,

Pr(AnH)=0.15
Pr(AnH®)=Pr(A)-Pr(AnH)=0.65-0.15=050
Pr(A°nH)=Pr(H)-Pr(AnH)=050-0.15=0.35

and the portion of policyholders that will renew at least one policy is given by
0.4 Pr(AnH®)+0.6 Pr(A°nH)+0.8Pr(AnH)

= (0.4)(0.5)+(0.6)(0.35)+(0.8)(0.15)=0.53  (=53%)
8. Solution: D

Let C = event that patient visits a chiropractor and T = event that patient visits a physical
therapist. We are given that

Pr[C]z Pr[T]+0.14

Pr(CnT)=0.22

Pr(C° mT°):O.12

Therefore,

0.88=1-Pr[C°NT® |=Pr[CUT]=Pr[C]+Pr[T]-Pr[CT]
=Pr[T]+0.14+Pr[T]-0.22
=2Pr[T]-0.08

or

P[T]=(0.88+0.08)/2=0.48

9. Solution: B

Let M = event that customer insures more than one car and S = event that customer insurers a
sports car. Then applying DeMorgan’s Law, compute the desired probability as:

Pr(M®AS)=Pr[ (M US) [=1-Pr(M US)=1-[Pr(M)+Pr(S)-Pr(M 8)]
—1-Pr(M)=Pr(S)+Pr(S|M)Pr(M)=1-0.70-0.20+(0.15)(0.70) = 0.205
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10. Solution: B

Let C = Event that a policyholder buys collision coverage and D = Event that a policyholder
buys disability coverage. Then we are given that P[C]=2P[D] and P[C nD]=0.15.

By the independence of C and D,
0.15=[C n D] = P[C]P[D] = 2P[DJ?
P[D]* =0.15/2=0.075

P[D] =+0.075, P[C] = 2+/0.075.

Independence of C and D implies independence of C® and D°. Then
P[C® ~D°]= P[C°]P[D®] = (1- 24/0.075)(1—+/0.075) = 0.33.

11. Solution: E

“Boxed” numbers in the table below were computed.
HighBP LowBP Norm BP Total

Regular heartbeat | 0.09 0.20 0.56 |0.85 |
Irregular heartbeat 0.05 0.02 0.08 0.15
Total 0.14 0.22 0.64 1.00

From the table, 20% of patients have a regular heartbeat and low blood pressure.
12. Solution: C

Let x be the probability of having all three risk factors.

1 planBnc|ans]-PLANBOC] X
3 P[AnB]  x+0.12

It follows that

x:l(x+0.12):lx+0.04
3 3

gX=0.O4
3
x=0.06
Now we want to find
c Pl(AUBULCY |
P[(AUBULC) | A° | oA
_1—P[AuBuC]
~ 1-P[A]

~ 1-3(0.10)-3(0.12)-0.06
~ 1-0.10-2(0.12)-0.06

= 028 =0.467
0.60
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13. Solution: A

1 11 111 1
pkzgpk—lz ==

k
ggpk_zzgggpk_s— = —j p, k=0

el ) 1 k p 5
1=1=zpk=2(§J p0= Olzzpo’ p0:4/5
k=0 k=0 1_i

5

Therefore, PIN>1]=1-P[N £1] =1 - (4/5+ 4/5x 1/5) =1 -24/25 = 1/25 = 0.04 .
14. Solution: C

Let x be the probability of choosing A and B, but not C, y the probability of choosing A and C,
but not B, z the probability of choosing B and C, but not A.

We wantto findw=1-(x+y +2).
We have x+y=1/4,x +z=1/3,y + z = 5/12.
Adding these three equations gives

1 1 5
(x+y)+(x+ z)+(y+z)=z+§+ﬁ
2(x+y+2z)=1
x+y+z=i
2

1 1
wW=1-(X+y+z)=1-—=—.
(x+y+z)=1-2=2
Alternatively the three equations can be solved to give x = 1/12, y = 1/6, z =1/4 again leading to

1 1 1 1
w=l-| —+—+—|==—
[12 6 4) 2

15. Solution: D

Let N1 and N2 denote the number of claims during weeks one and two, respectively. Then since
they are independent,

P[N,+N,=7]=>"" P[N,=n]Pr[N,=7-n]
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16. Solution: D

Let O = event of operating room charges and E = event of emergency room charges. Then
0.85=P(O U E)=P(0)+P(E)-P(ONE)

=P(0)+P(E)-P(O)P(E) (Independence)

Because P(E°)=0.25=1-P(E), P(E)=0.75,

0.85=P(0)+0.75—P(0)(0.75)

P(0)(1-0.75) = 0.85-0.75=0.10

P(0)=0.10/0.25=0.40.

17. Solution: D

Let X1 and X2 denote the measurement errors of the less and more accurate instruments,
respectively. If N(u,o) denotes a normal random variable then

X, ~ N(0,0.0056h), X, ~ N(0,0044h) and they are independent. It follows that

21h2 212
v Xt X o \/0.0056 h?-+0.0044%h? 0.00356h) . Therefore.
P(~0.005h <Y <0.005h) = P(—wg Z swj
0.00356h 0.00356h

=P(-14<Z<14)=P(Z<1.4)-[1-P(Z<1.4)]=2(0.9192)-1=0.84.
18. Solution: B

Apply Bayes’ Formula. Let
A = Event of an accident

B, =Event the driver’s age is in the range 16-20

B, =Event the driver’s age is in the range 21-30

B, = Event the driver’s age is in the range 30-65

B, = Event the driver’s age is in the range 66-99

Then

(8 4)- P(AB)P(B)

P(A|B,)P(B,)+P(AB,)P(B,)+P(A|B,)P(B,)+P(A|B,)P(B,)
(0.06)(0.08)

= (0.06)(0.08) + (0.03)(0.15) + (0.02)(0.49) + (0.04) (0.28) "
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19. Solution: D

Let

S = Event of a standard policy

F = Event of a preferred policy

U = Event of an ultra-preferred policy
D = Event that a policyholder dies
Then

P[DIU]P[U]
P[D[S]P[S]+P[D|F]P[F]+P[D|U]P[U]
(0.001)(0.10)
(0.01)(0.50) +(0.005)(0.40) +(0.001)(0.10)
~0.0141

P[U|D]=

20. Solution: B

P[Seri.|Surv.]
B P[Surv.|Seri.|P[Seri]
~ P[Surv.[Crit. |P[Crit.]+ P[ Surv.[Seri.] P[Seri.] + P[ Surv.|Stab. | P[Stab.]

(0.9)(0.3) )
(0.6)(0.1)+(0.9)(0.3)+(0.99)(0.6) 02

21. Solution: D

Let H = heavy smoker, L = light smoker, N = non-smoker, D = death within five-year period.

We are given that P[D|L]=2P[D|N] and P[D|L]:%P[D|H]

Therefore,
P[D|H]P[H]
P[HID]= P[D|N]P[N]+P[D|L]|P[L]+P[D|H |P[H]
2P[D|L](0.2) 0.4

;P[D|L](0.5)+P[D|L](0.3)+2P[D|L](O.2):o_25+0_3+0.4= .
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22. Solution: D

Let

C = Event of a collision

T = Event of a teen driver

Y = Event of a young adult driver
M = Event of a midlife driver

S = Event of a senior driver
Then,

P[Y |C] = P[C|YIP[Y]

P[C[TIP[T]+PIC|YIP[Y]+ P[C|M]P[M]+ P[C|SIP[S]

_ (0.08)(0.16) oo
(0.15)(0.08) + (0.08)(0.16) + (0.04)(0.45) + (0.05)(0.3)

23. Solution: B
PI1<N<4
P[N>1N<4] =¥:{1+1+1+1} {1+1+1+1+1}
P[Ns4] 6 12 20 30 2 6 12 20 30
_ 10+5+3+2 20 _2
30+10+5+3+2 50 5
24. Solution: B
Let Y =positive test result
D = disease is present
Then,
P[D|Y]= P[Y | D]P[D] : __ (0.95)(0.01) _0.657.
P[Y | D]JP[D]+ P[Y | D°JP[D] (0.95)(0.01) + (0.005)(0.99)
25. Solution: C
Let:

S = Event of a smoker
C = Event of a circulation problem
Then we are given that P[C] = 0.25 and P[SYA] = 2 P[SYL°]

Then,,
PIC|S]= P[S | CIP[C]
P[S |C]P[C]+ P[S |C°]P[C‘]
2P[S |C°]P[C] 2025 2 2

~ 2P[S|C°JP[C]+ P[S |C°]L-PI[C]) 2(0.25)+0.75 2+3 5

Page 9 of 213



26. Solution: D

Let B, C, and D be the events of an accident occurring in 2014, 2013, and 2012, respectively.
Let A=BuCuUD.

P[A|B]P[B]
P[B| A]l=
Use Bayes’ Theorem P[A|B][P[B]+ P[A|CIPIC]+ P[A|DIP[D]
_ (0.05)(0.16) 045
(0.05)(0.16) +(0.02)(0.18) + (0.03)(0.20)
27. Solution: A
Let

C = Event that shipment came from Company X
| = Event that one of the vaccine vials tested is ineffective
P[I|C]P[C]

Then PLCI = S TeTPre]- pl1iceTr[ct]
Now

P[c]:%

P[CC]:l-P[C]:l-%:%

P[11C]=(3)(0.10)(0.90)" =0.141

P[11C°]=(")(0.02)(0.98)" =0.334
Therefore,
PlC]1]= (0.141)(1/5)

(0.141)(1/5)+(0.334) (475) >0

28. Solution: C

Let T denote the number of days that elapse before a high-risk driver is involved in an accident.
Then T is exponentially distributed with unknown parameter | . We are given that

50
0.3=P[T <50]= [ Ze"'dt=—e|* =1-e™".
0

0

Therefore, e°* =0.7 and A =—(1/50) In(0.7).
Then,

80
_ Mot a-At]|80 4 ,-802
Prrsso]_l/le dt=—e7|* =1-e g

-1- e(80/50)ln(0.7) —1- 0.78/5 — 0435
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29. Solution: D

efﬁ./le efll4
Let N be the number of claims filed. We are given P[N =2]= T 3P[N =4]=3 e
Then,
%/12 :2—?;/14 or A =4 or A =2, which is the variance of N.
30. Solution: D

Let X denote the number of employees who achieve the high performance level. Then X follows
a binomial distribution with parameters n = 20 and p = 0.02. Now we want to determine x such

that P[X > ] < 0.01 or equivalently 0.99 < P[X <x]=Y"" (%)(0.02)"(0.98)" "

k=0
The first three probabilities (at 0, 1, and 2) are 0.668, 0.272, and 0.053. The total is 0.993 and so
the smallest x that has the probability exceed 0.99 is 2. Thus C = 120/2 = 60.

31. Solution: D

Let

X = number of low-risk drivers insured

Y = number of moderate-risk drivers insured

Z = number of high-risk drivers insured

f(x, y, z) = probability function of X, Y, and Z

Then f is a trinomial probability function, so

P[z>x+2]=f(0,0,4)+ f (1,0,3)+ f (0,1,3)+ f (0,2,2)

4 3 3 41 2 2

=(0.20)" +4(0.50)(0.20)" +4(0.30)(0.20)" +—=(030)" (0.20)
=0.0488

32. Solution: B

20
X

P[X >x]=[ "0.005(20~t)dt = 0.00S(ZOt—%tzj

= 0.005(400 —200—-20x + % ij = 0.005(200 —20x+ % xz}

where 0 < x < 20. Therefore,
P[X >16] 200-20(16)+1/(16)° ¢

P[X >8]  200-20(8)+1(8)" 72 9

P[X >16|X >8]=
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33. Solution: C

We know the density has the form C (10 + x)f2 for 0 < x <40 (equals zero otherwise). First,

determine the proportionality constant C.

40
1= [0 (104 x)7 de=-C0+x) | === 2
o 10 50 25

So C =25/2 or 12.5. Then, calculate the probability over the interval (0, 6):

12.5[ (10 +x)* dx=-125(10+x) * _12 5(i—ij 0.47.
0 10 16

34. Solution: B

To determine k,

1=1= Ikl y) dy_—k

(1-y) | :%,sok:S

We next need to find P[V > 10,000] = P[100,000 Y > 10,000] = P[Y > 0.1], which is
1

j 5(1-y)'dy=—(1-y)’|"  =0.9° =059 and P[V >40,000] which s

o 0.1

1
J5(1-y)dy=-(1-y)’|}, =06 =0078.Then,

0.4

P[V > 40,000V >10,000] = P[V >40,000nV >10,000] P[V >40,000] 0.078

PV >10,000] " P[V >10,000] 0.590

=0.132.

35. Solution: D

Let 7°denote printer lifetime. The distribution function is F(t) =1—e™". The probability of

failure in the first year is F(1) = 0.3935 and the probability of failure in the second year is F(2) —
F(1) = 0.6321 — 0.3935 = 0.2386. Of 100 printers, the expected number of failures is 39.35 and
23.86 for the two periods. The total expected cost is 200(39.35) + 100(23.86) = 10,256.

36. Solution: A

The distribution function is F(x) = P[X <X]= LX 3tdt = —t‘3|1X =1-x". Then,
P[(X <2)and (X >15)] P[X <2]-Pr[X <15]

P[X <2|X >15]=

P[X >1.5] ~ Pr[X >15]
_F@-F@5) _(-2°)-(1-15°) _-1/8+8/27 _37_, o
1- F(L.5) 1-(1-1.57) 8/27 64
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37. Solution: E

The number of hurricanes has a binomial distribution with n = 20 and p = 0.05. Then
P[X <3]=0.95" +20(0.95)"°(0.05) +190(0.95)"*(0.05)* = 0.9245,

38. Solution: B

Denote the insurance payment by the random variable Y. Then
Y= 0 if 0<X<C

C|X-C if C<x<1
We are given that

0.64=P[Y <05]=P[0<X <05+C]=[ " 2xdx=x’

0.5+C

=(0.5+C)%.

0

The quadratic equation has roots at C = 0.3 and —1.3. Because C must be between 0 and 1, the
solution is C = 0.3.

39. Solution: E

The number completing the study in a single group is binomial (10,0.8). For a single group the
probability that at least nine complete the study is(;’)(0.8)" (0.2) +(5 )(0.8)” =0.376

The probability that this happens for one group but not the other is 0.376(0.624) + 0.624(0.376)
= 0.4609.

40. Solution: D

There are two situations where Company B’s total exceeds Company A’s. First, Company B has
at least one claim and Company A has no claims. This probability is 0.3(0.6) = 0.18. Second,
both have claims. This probability is 0.3(0.4) = 0.12. Given that both have claims, the
distribution of B’s claims minus A’s claims is normal with mean 9,000 — 10,000 =-1,000 and

standard deviation \/2,0002 +2,000° = 2,828.43. The probability that the difference exceeds
0—(-1,000)
2,828.43

probability is 1 — 0.638 = 0.362. The probability of the desired event is 0.18 + 0.12(0.362) =
0.223.

zero is the probability that a standard normal variable exceeds =0.354. The
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41. Solution: D

One way to view this event is that in the first seven months there must be at least four with no
accidents. These are binomial probabilities:

(1)0.4'0.6°+({)0.4°0.6” +(;)0.4°0.6+( ) 0.4’
=0.1935+0.0774+0.0172 +0.0016 = 0.2897.

Alternatively, consider a negative binomial distribution where K is the number of failures before
the fourth success (no accidents). Then

P[K <4]=0.4"+(;)0.4°0.6+(5)0.4°0.6° +(5)0.4°0.6° = 0.2898

42. Solution: C

The probabilities of 1, 2, 3, 4, and 5 days of hospitalization are 5/15, 4/15, 3/15, 2/15, and 1/15
respectively. The payments are 100, 200, 300, 350, and 400 respectively. The expected value is
[100(5) + 200(4) + 300(3) + 350(2) + 400(1)]/15 = 220.

43. Solution: D
_ 3|° 3t
E(X)z_[ox—xdx+ S Xax=-X| (X __8 b4 5628
-2 10 o 10 30, 30|, 30 30 30 15

44. Solution: D

The density function of T is
f(t) =%e‘“3, 0<t<o
Therefore,
_ (22 s >t i3
E[X]= E[max(T,Z)]_JOEe dt+ [ et

=-2e"" g —te™"[; +_[2 e Pdt=-2e7"+2+2e7"° -3 |7

=2+3e%"°
Alternatively, with probability 1—e the device fails in the first two years and contributes 2 to
the expected value. With the remaining probability the expected value is 2 + 3 =5 (employing

the memoryless property). The unconditional expected value is (1—e2?)2+ (e ??)5=2+3e%",
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45. Solution: D

We want to find x such that

1
1000 = E[P]1= | = e¥0(t+ | ——e "0 gt =
] ! 10 I 210

1000 = [ x(0.1)e™* dt + [ 0.5x(0.)e "t

S t/10| 05xe—t/10|1

-1/10

=—xe " 4+ x—0.5xe " +0.5xe Y =0.1772x.

Thus x = 5644.

46. Solution: E

E[Y] = 4000(0.4) + 3000(0.6)(0.4) + 2000(0.6)2(0.4) + 1000(0.6)*(0.4)
— 2694

47. Solution: C

The expected payment is

0 n,-3/2 © n,-3/2
310,000(n —1)% _ {210, 000(n —1)%} ~10,000(~1)e 42
n! — n!

n=1

=10,000(1.5—1) +10,000e ¥* = 7,231.
48. Solution: C

The expected payment is
2

; 25(06)25 25(06)25 _ 2| X
Ix{ } jz{ }d =2.5(0.6) £15 +2.5|2J

0.6 |O.6

_2—1.5 0 6—1.5
" .
15 15

2—2.5
_ 2.5(0.6)2'5[ 25 ]: 0.9343.
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49. Solution: A

First, determine K.
1- K(l %+;+%+EJ= K(60+30+20+15+12j= K(Ej

5 60 60
60

T137
Then, after applying the deductible, the expected payment is
0.05[(3-2)P(N =3)+(4—-2)P(N =4)+(5-2)P(N =5)]

= 0.05(60/137)[L(1/3) + 2(1/ 4) +3(L/ 5)] = 0.0314

50. Solution: D

The expected payment is
10

_ 20/
.2y

02 22 2
y—dy+ |10—=dy=——
! y? Jo y? y

:—£+E—O+£=1.9.
10 1 200

10
51. Solution: B

The expected payment is (in thousands)
(0.94)(0) +(0.02)A5-1) +0.04[ ~ (x~1)0.5003¢ *"dx

=0.28+ (0.020012)[—2e‘x’2(x - 1)|15 + L“" 0g¥2 dx]
i gl
1
=0.28+(0.020012) ~2¢ " (14) - 4e-75 +4e7°° |
=0.28+(0.020012) (2.408)

=0.28+(0.020012) -75(14) +(—4e™"?

=0.328.
52. Solution: C
= j%dx=—£% _K andsok=3.
o (1+Xx) 3(AL+x)°|, 3

The expected value is (where the substitution u =1 + x is used.
= [/ 3u-Dudu=3u"/(-2)-3u”/(-3)| =3/2-1=1/2

me 3 ;- ax
0 (1+x)

Integration by parts may also be used.
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53. Solution: C

With no deductible, the expected payment is 500. With the deductible it is to be 125. Let d be the
deductible. Then,

1000

125= [ (x~d)(0.001)dx = (x _zd)z (0.001)  =0.0005[ (1000—d)? ~0]

250,000 = (1000 —d)?
500 =1000—d
d =500.

54. Solution: B

The distribution function of X is
x 2.5(200)%° | —(200)%°|"

F(X):_[ (200 ( 2.5) I =1-

200

200 135
The pth percentile x, of X is given by

p (200)>°
L F(x)=1-""—2—
100 ( P) X2.5

p

(200) 25
X§.5

(1-0.01p)* = 2%
X

(200)%°
dt = T

,  X>200

1-0.01p=

p

. —__ 200
P (1-0.01p)*
200 200

= - =93.06.
(0.30)°*  (0.70)**

It follows that X,, — X,

55. Solution: E

Let X and Y denote the annual cost of maintaining and repairing a car before and after the 20%
tax, respectively. Then Y = 1.2X and Var(Y) =Var(1.2X) =1.44Var(X) =1.44(260) = 374.4.
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56. Solution: C

First note that the distribution function jumps % at x = 1, so there is discrete probability at that
point. From 1 to 2, the density function is the derivative of the distribution function, x — 1. Then,

2
1 2 1 (x* X 1 8 41 1 4
E(X)==OD+| x(x-Ddx==4| ———| ==+=-——=—=4+=—=—
()2()L()2(32j1232323
4 3
E(X?) =2 (@) + [ (x-Dax=—4| XX ) 2,10 8 1,1 28
2 1 2 4 3 . 2 3 12

Var (X)=E(X?)-[E(X)] = TR

5\3

23 (4)2_23 16 5
3

57. Solution: C

4 5 2 4
E[Y]= jo x(0.2)dx + L 4(0.2)dx = 0.1x |0 +0.8=24
E[Y?]= j: X(0.2)dx+ [ 4°(0.2)dx = (0.2/3)’|| +3.2=7.46667
Var[Y]=E[Y?]-(E[Y])’ = 7.46667 —2.4* =1.707.

58. Solution: A

The mean is 20(0.15) + 30(0.10) + 40(0.05) + 50(0.20) + 60(0.10) + 70(0.10) + 80(0.30) = 55.
The second moment is 400(0.15) + 900(0.10) + 1600(0.05) + 2500(0.20) + 3600(0.10) +
4900(0.10) + 6400(0.30) = 3500. The variance is 3500 — 552 = 475. The standard deviation is
21.79. The range within one standard deviation of the mean is 33.21 to 76.79, which includes the
values 40, 50, 60, and 70. The sum of the probabilities for those values is 0.05 + 0.20 + 0.10 +
0.10 = 0.45.

59. Solution: B
Let Y be the amount of the insurance payment.
1500 2
E[Y]=| w0 L os0)dx = (x—250)7 =129 _s5oq
2501500 3000 s 3000
) 1500 1 ) 1 3 1% 12503
E[Y ]:I ——(x—250)"dx = ——(x—250) = =434,028
250 1500 4500 250 0
Var[Y] = 434,028 —(521)* =162,587
SD[Y]=403.
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60. Solution: B

The expected amount paid is (where N is the number of consecutive days of rain)

-0.6
1000P[N =1]+ 2000P[N >1]=1000 ¢ 1IO'6 + 2000(1— e 0 _ e‘°'60.6) =573.
The second moment is
e %°0.6

10002 P[N =1]+ 2000?P[N > 1] =1000? +2000° (1-e°° —e°°0.6) = 816,893

1!
The variance is 816,893 — 5732 = 488,564 and the standard deviation is 699.

61. Solution: C

X has an exponential distribution. Therefore, ¢ = 0.004 and the distribution function is
F(x) =1-e % For the moment, ignore the maximum benefit. The median is the solution to

0.5=F(m)=1-e%"" which is m=-250In(0.5) =173.29. Because this is below the

maximum benefit, it is the median regardless of the existence of the maximum. Note that had the
question asked for a percentile such that the solution without the maximum exceeds 250, then the
answer is 250.

62. Solution: D

The distribution function of an exponential random variable, T, is F(t)=1-e™?, t>0. Witha
median of four hours, 0.5=F(4) =1-e™*? and so @ =—4/In(0.5). The probability the
component works for at least five hours is P[T >5]=1-F(5) =1-1+¢*"®9"* =0.5°* = 0.42.

63. Solution: E

This is a conditional probability. The solution is
0.95= P[X < p| X >100] = "0 =X < p]_ F(p)~F(100)
P[X >100] 1- F(100)

—~p/300 ~100/300 ~100/300 -~ p/300
:1—e -1+e _¢€ —e _ 1 g~ (P-100)/300
11+ g 100730 o -100/300

0.05 = g (P-100)/300
~2.9957 = —(p—100) /300
p =999
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64. Solution: A

The distribution function of X is given by
_ X 3 _ _3|X _ 3
F(x)_j1 t—Adt——t =1-x7, x>1

Next, let X1, X2, and X3 denote the three claims made that have this distribution. Then if Y
denotes the largest of these three claims, it follows that the distribution function of Y is given by

G(y) = P[X, < YIP[X, < yIP[X, < y]=(1-y~)".
The density function of Y is given by
g(y)=G'(y)=3-y?)* @By ™).

Therefore,

EIV]= [ y3@-y*)3y*dy=9] y°-2y° +y dy
—9| -y */2+2y"/5-y " 18] |o[L/2-2/5+1/8]
= 2.025 (in thousands).

65. Solution: C

The mean and standard deviation for the 2025 contributions are 2025(3125) = 6,328,125 and
45(250) = 11,250. By the central limit theorem, the total contributions are approximately
normally distributed. The 90" percentile is the mean plus 1.282 standard deviations or 6,328,125
+1.282(11,250) = 6,342,548.

66. Solution: C

The average has the same mean as a single claim, 19,400. The standard deviation is that for a
single claim divided by the square root of the sample size, 5,000/5 = 1,000. The probability of
exceeding 20,000 is the probability that a standard normal variable exceeds (20,000 —
19,400)/1,000 = 0.6. From the tables, this is 1 — 0.7257 = 0.2743.

67. Solution: B

A single policy has a mean and variance of 2 claims. For 1250 polices the mean and variance of
the total are both 2500. The standard deviation is the square root, or 50.

The approximate probability of being between 2450 and 2600 is the same as a standard normal
random variable being between (2450 — 2500)/50 = -1 and (2600 — 2500)/50 = 2. From the
tables, the probability is 0.9772 — (1 — 0.8413) = 0.8185.
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68. Solution: B

Let n be the number of bulbs purchased. The mean lifetime is 3n and the variance is n. From the
normal tables, a probability of 0.9772 is 2 standard deviations below the mean. Hence 40 = 3n —
2sgrt(n). Let m be the square root of n. The quadratic equation is 3m? — 2m — 40. The roots are 4
and —10/3. So n is either 16 or 100/9. At 16 the mean is 48 and the standard deviation is 4, which
works. At 100/9 the mean is 100/3 and the standard deviation is 10/3. In this case 40 is two
standard deviations above the mean, and so is not appropriate. Thus 16 is the correct choice.

69. Solution: B

Observe that (where Z is total hours for a randomly selected person)

E[Z]=E[X +Y]=E[X]+E[Y]=50+20=70

Var[Z]=Var[X +Y]=Var[X]+Var[Y]+2Cov[X,Y]=50+30+20=100.

It then follows from the Central Limit Theorem that T is approximately normal with mean
100(70) = 7000 and variance 100(100) = 10,000 and standard deviation 100. The probability of
being less than 7100 is the probability that a standard normal variable is less than (7100 —
7000)/100 = 1. From the tables, this is 0.8413.

70. Solution: B

A single policy has an exponential distribution with mean and standard deviation 1000. The
premium is then 1000 + 100 = 1100. For 100 policies, the total claims have mean 100(1000) =
100,000 and standard deviation 10(1000) = 10,000. Total premiums are 100(1100) = 110,000.
The probability of exceeding this number is the probability that a standard normal variable
exceeds (110,000 — 100,000)/10,000 = 1. From the tables this probability is 1 — 0.8413 = 0.1587.

71. Solution: E

For a single recruit, the probability of 0 pensions is 0.6, of 1 pension is 0.4(0.25) = 0.1, and of 2
pensions is 0.4(0.75) = 0.3. The expected number of pensions is 0(0.6) + 1(0.1) + 2(0.3) = 0.7.
The second moment is 0(0.6) + 1(0.1) + 4(0.3) = 1.3. The variance is 1.3 — 0.49 = 0.81. For 100
recruits the mean is 70 and the variance is 81. The probability of providing at most 90 pensions
is (with a continuity correction) the probability of being below 90.5. This is (90.5 — 70)/9 = 2.28
standard deviations above the mean. From the tables, this probability is 0.9887.

72. Solution: D

For one observation, the mean is 0 and the variance is 25/12 (for a uniform distribution the
variance is the square of the range divided by 12). For 48 observations, the average has a mean
of 0 and a variance of (25/12)/48 = 0.0434. The standard deviation is 0.2083. 0.25 years is
0.25/0.2083 = 1.2 standard deviations from the mean. From the normal tables the probability of
being within 1.2 standard deviations is 0.8849 — (1 — 0.8849) = 0.7698.
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73. Solution: C

-3/6

For a good driver, the probability is 1—e *® and for a bad driver, the probability is 1—e . The
probability of both is the product, (1-e¥®)(1-e?®)=1-e* - +e7°,

74. Solution: E

The tour operator collects 21x50 = 1050 for the 21 tickets sold. The probability that all 21
passengers will show up is (1—0.02)21 = (0.98)21 =0.65. Therefore, the tour operator’s expected
revenue is 1050 — 100(065) = 985.

75. Solution: C

First obtain the covariance of the two variables as (17,000 — 5,000 — 10,000)/2 = 1,000.
The requested variance is
Var(X +100+1.1Y) =Var(X)+Var(1.1Y) + 2Cov(X,1.1Y)

=Var(X)+1.2lVar(Y)+2(1.1)Cov(X,Y)
=5,000+1.21(10,000) + 2.2(1,000) =19, 300.

76. Solution: B

P(X = 0) = 1/6

P(X =1) = 1/12 + 1/6 = 3/12

P(X=2)=1/12 + 1/3 + 1/6 = 7/12 .

E[X] = (0)(1/6) + (1)(3/12) + (2)(7/12) = 17/12
E[X?] = (0)X(1/6) + (L)3(3/12) + (2)3(7/12) = 31/12
Var[X] = 31/12 — (17/12)? = 0.58.

77. Solution: D

Due to the independence of X and Y
Var(Z)=Var(3X —=Y =5) =3*Var(X) + (-1)*Var(Y) =9(1) + 2 =11.

78. Solution: E

Let X and Y denote the times that the generators can operate. Now the variance of an exponential
random variable is the square of them mean, so each generator has a variance of 100. Because
they are independent, the variance of the sum is 200.
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79. Solution: E

Let S, F, and T be the losses due to storm, fire, and theft respectively. Let Y = max(S,F,T). Then,

P[Y >3]=1-P[Y <3]=1-P[max(S,F,T)<3]=1-P[S <3]P[F <3]P[T <3]
=1-(1-eM)[1-e¥%)(1-e¥**) =0.414.

80. Solution: A

First obtain Var(X) =27.4-25=2.4,Var(Y) =51.4-49=2.4, Cov(X,Y)=(8-2.4-2.4)/2 =
1.6. Then,
Cov(C,,C,)=Cov(X +Y, X +1.2Y) =Cov(X, X)+1.2Cov(X,Y)+Cov(Y, X)+1.2Cov(Y,Y)

=Var(X)+1.2Var(Y)+2.2Cov(X,Y)
=24+1.2(2.4)+2.2(1.6) =8.8.

81. Solution: E

Because the husband has survived, the only possible claim payment is to the wife. So we need
the probability that the wife dies within ten years given that the husband survives. The numerator
of the conditional probability is the unique event that only the husband survives, with probability
0.01. The denominator is the sum of two events, both survive (0.96) and only the husband
survives (0.01). The conditional probability is 0.01/(0.96 + 0.01) = 1/97. The expected claim
payment is 10,000/97 = 103 and the expected excess is 1,000 — 103 = 897.

82. Solution: C

P(X :1,Y:0): P(X =LY =0) _ 0.05 _ 0.286
P(X =1) P(X=L,Y=0)+P(X =LY =1 0.05+0.125

P[Y =1| X =1]=1-0.286 =0.714.

The conditional variable is Bernoulli with p = 0.714. The variance is (0.714)(0.286) = 0.204.

PIY =0| X =1]=

83. Solution: D

With no tornadoes in County P the probabilities of 0, 1, 2, and 3 tornadoes in County Q are
12/25, 6/25, 5/25, and 2/25 respectively.

The meanis (0 + 6 + 10 + 6)/25 = 22/25.

The second moment is (0 + 6 + 20 + 18)/25 = 44/25.

The variance is 44/25 — (22/25)? = 0.9856.
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84. Solution: C

From the Law of Total Probability:
P[4<S<8]=P[4<S<8|N=1P[N =1]+P[4<S <8|N >1]P[N >1]

=" -e®)A/3)+ (e -e**)(1/6)=0.122.
85. Solution: C

Due to the equal spacing of probabilities, p, = p,—nc forc =1, 2, 3, 4, 5. Also,
04=p,+p,=p,+P,—C=2p,—C. Because the probabilities must sumto 1,
1=p,+p,—C+p,—2C+ p,—3c+ p,—4c+ p, —5C =6p, —15c. This provides two equations in
two unknowns. Multiplying the first equation by 15 gives 6 = 30p, —15c. Subtracting the second
equation gives 5=24p, = p, =5/24. Inserting this in the first equation gives ¢ = 1/60. The
requested probability is p, + p, =5/24—-4/60+5/24-5/60=32/120=0.267.

86. Solution: D

Because the number of payouts (including payouts of zero when the loss is below the deductible)

is large, apply the central limit theorem and assume the total payout S is normal. For one loss, the

mean, second moment, and variance of the payout are

1 x—5,000)
=O+( )

|20,000

5,000 1 20,000
j 0——dx+ j (x —5,000) =5,625
0 20,000 5,000 20,000 40,000 ‘5’000
5,000 1 20,000 1 (x—5,000)° 20000
j ’ oz—dx+j T (x-5,000)2 ———=0+~——>—""2| =56 250,000
0 20,000 5,000 20,000 60,000

5,000

56,250,000 -5, 625% = 24,609, 375.

For 200 losses the mean, variance, and standard deviation are 1,125,000, 4,921,875,000, and
70,156. 1,000,000 is 125,000/70,156 = 1.7817 standard deviations below the mean and

1,200,000 is 75,000/70,156 = 1.0690 standard deviations above the mean. From the standard
normal tables, the probability of being between these values is 0.8575 — (1 — 0.9626) = 0.8201.
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87. Solution: B

Let H be the percentage of clients with homeowners insurance and R be the percentage of clients
with renters insurance.

Because 36% of clients do not have auto insurance and none have both homeowners and renters
insurance, we calculate that 8% (36% — 17% — 11%) must have renters insurance, but not auto
insurance.

(H - 11)% have both homeowners and auto insurance, (R — 8)% have both renters and auto
insurance, and none have both homeowners and renters insurance, so (H + R — 19)% must equal
35%. Because H = 2R, R must be 18%, which implies that 10% have both renters and auto
insurance.

88. Solution: B

Let Y be the reimbursement. Then, G(115) = P[Y <115 | X > 20]. For Y to be 115, the costs must
be above 120 (up to 120 accounts for a reimbursement of 100). The extra 15 requires 30 in
additional costs. Therefore, we need

< _ < _ o-150/100 ~20/100
P[XS15O|X>20]=P[X <150] P[X_ZO]:l e l+e

P[X > 20] 1-1+e 0%
_a-l5 02
= o =le =072,
89. Solution: E

The conditional probability function given 2 claims in April is

» 31 , on1 387 1 3
2 = ——e 1—e 2T = = —
P =2y g e = e T s

p(2! n2) _El

n,|N,=2)=
p(n, [N, =2) b2 44

e—2 (l— e—2)n271 % — e—2 (1_ e—2)nzfl-

This can be recognized as a geometric probability function and so the mean is 1/e* = e®.

90. Solution: C

The number of defective modems is 20% x 30 + 8% x 50 = 10.

Y

The probability that exactly two of a random sample of five are defective is

Page 25 of 213



91. Solution: B

P(40 year old man dies before age 50) = P(T <50 | T > 40)
_ Pr(40<T <50) F(50) - F(40)

Pr(T >40)  1-F(40)
1-1.1° 1-1.1° 1-1.1% 1—1.150
1-exp —-1+exp

3 1000 1000 1000 1000
N 4 140 1%

1-1+exp 1-11 exp 1=

1000 1000
_ 0.9567 —-0.8901 — 0.0696
0.9567

Expected Benefit = 5000(0.0696) = 348.

92. Solution: C

Letting t denote the relative frequency with which twin-sized mattresses are sold, we have that
the relative frequency with which king-sized mattresses are sold is 3t and the relative frequency
with which queen-sized mattresses are sold is (3t+t)/4, or t. Thus, t=0.2 sincet+ 3t +t=1. The
probability we seek is 3t + t = 0.80.

93. Solution: E

Var(N) = E[Var(N | A)]+Var[E(N | A)] = E[A]+Var(1) =1.5+0.75 = 2.25. The variance of a
uniform random variable is the square of the range divided by 12, in this case 3%/12 = 0.75.

94. Solution: D
X follows a geometric distribution with p = 1/6 and Y = 2 implies the first roll is not a 6 and the

second roll is a 6. This means a 5 is obtained for the first time on the first roll (probability = 0.2)
or a 5 is obtained for the first time on the third or later roll (probability = 0.8).

E[X|X >3]= l+ 2=6+2=8., The expected value is 0.2(1) + 0.8(8) = 6.6.
p
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95. Solution: B

The unconditional probabilities for the number of people in the car who are hospitalized are 0.49,
0.42 and 0.09 for 0, 1 and 2, respectively. If the number of people hospitalized is 0 or 1, then the
total loss will be less than 1. However, if two people are hospitalized, the probability that the
total loss will be less than 1 is 0.5. Thus, the expected number of people in the car who are
hospitalized, given that the total loss due to hospitalizations from the accident is less than 1 is

0.49 0.42 0.09-0.5

(0)+ D)+
0.49+0.42+0.09-05" ~ 0.49+0.42+0.09-05 " 0.49+0.42+0.09-0.5

(2)=0.534

96. Solution: B

Let X equal the number of hurricanes it takes for two losses to occur. Then X is negative
binomial with “success” probability p = 0.4 and r = 2 “successes” needed.

P[X =n] :(rr'jj P (L-p)"" = {2:3 (0.4)2(1—0.4)"2 = (nN—1)(0.4)2(0.6)"2 for n> 2.

We need to maximize P[X = n]. Note that the ratio

PIX=n+1] n(04)06)"" n 06)
P[X=n] (n-1)(0.4)%(0.6)"% n-1" "

This ratio of “consecutive” probabilities is greater than 1 when n = 2 and less than 1 when n > 3.
Thus, P[X = n] is maximized at n = 3; the mode is 3. Alternatively, the first few probabilities
could be calculated.

97. Solution: C

There are 10 (5 choose 3) ways to select the three columns in which the three items will appear.
The row of the rightmost selected item can be chosen in any of six ways, the row of the leftmost
selected item can then be chosen in any of five ways, and the row of the middle selected item can
then be chosen in any of four ways. The answer is thus (10)(6)(5)(4) = 1200. Alternatively, there
are 30 ways to select the first item. Because there are 10 squares in the row or column of the first
selected item, there are 30 — 10 = 20 ways to select the second item. Because there are 18
squares in the rows or columns of the first and second selected items, there are 30 — 18 = 12
ways to select the third item. The number of permutations of three qualifying items is
(30)(20)(12). The number of combinations is thus (30)(20)(12)/3! = 1200.
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98. Solution: B

The expected bonus for a high-risk driver is 0.8(12)(5) = 48.
The expected bonus for a low-risk driver is 0.9(12)(5) = 54.
The expected bonus payment from the insurer is 600(48) + 400(54) = 50,400.

99. Solution: E

Liability but not property = 0.01 (given)

Liability and property = 0.04 — 0.01 = 0.03.

Property but not liability = 0.10 - 0.03 = 0.07
Probability of neither =1 - 0.01 - 0.03 - 0.07 = 0.89

100. Solution: B

C = the set of TV watchers who watched CBS over the last year
N = the set of TV watchers who watched NBC over the last year
A = the set of TV watchers who watched ABC over the last year
H = the set of TV watchers who watched HGTV over the last year

The number of TV watchers intheset COUNUA is34+15+10-7-6-5+ 4 =45.

Because CUNUA and H are mutually exclusive, the number of TV watchers in the set
CUNUAUH is45+ 18 = 63.

The number of TV watchers in the complement of COUNUA UH is thus 100 — 63 = 37.
101. Solution: A

Let X denote the amount of a claim before application of the deductible. Let Y denote the amount
of a claim payment after application of the deductible. Let A be the mean of X, which because X

is exponential, implies that A7 is the variance of X and E(X?) =24°.

By the memoryless property of the exponential distribution, the conditional distribution of the
portion of a claim above the deductible given that the claim exceeds the deductible is an
exponential distribution with mean A . Given that E(Y) =0.94, this implies that the probability of

a claim exceeding the deductible is 0.9 and thus E(Y?) =0.9(21?) =1.84%. Then,
Var(Y)=1.84*-(0.91)* =0.994%. The percentage reduction is 1%.
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102. Solution: C
Let N denote the number of hurricanes, which is Poisson distributed with mean and variance 4.

Let X, denote the loss due to the i hurricane, which is exponentially distributed with mean
1,000 and therefore variance (1,000) = 1,000,000.

Let X denote the total loss due to the N hurricanes.

This problem can be solved using the conditional variance formula. Note that independence is
used to write the variance of a sum as the sum of the variances.

Var(X)=Var[E(X | N)]+E[Var(X | N)]
=Var[E(X,+---+ X )]+ E[Var(X; +---+ X )]
=Var[NE(X,)]+ E[NVar(X,)]
=Var(1,000N) + E(1,000,000N)
=1,000?Var(N) +1,000,000E(N)
=1,000,000(4) +1,000,000(4) = 8,000, 000.

103. Solution: B

Let N denote the number of accidents, which is binomial with parameters 3 and 0.25 and thus has
mean 3(0.25) = 0.75 and variance 3(0.25)(0.75) = 0.5625.

Let X, denote the unreimbursed loss due to the i accident, which is 0.3 times an exponentially
distributed random variable with mean 0.8 and therefore variance (0.8)?= 0.64. Thus, X, has
mean 0.8(0.3) = 0.24 and variance 0.64(0.3)* = 0.0576.

Let X denote the total unreimbursed loss due to the N accidents.

This problem can be solved using the conditional variance formula. Note that independence is
used to write the variance of a sum as the sum of the variances.
Var(X) =Var[E(X | N)]+ E[Var(X | N)]

=Var[E(X, +---+ X )]+ E[Var (X, +---+ X )]
=Var[NE(X,)]+ E[NVar(X,)]
=Var(0.24N)+ E(0.0576N)

=0.24°Var(N) +0.0576E(N)
=0.0576(0.5625) +0.0576(0.75) = 0.0756.
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104. Solution: B

The 95" percentile is in the range when an accident occurs. It is the 75" percentile of the payout,
given that an accident occurs, because (0.95 — 0.80)/(1 — 0.80) = 0.75. Letting x be the 75"

percentile of the given exponential distribution, F(x) =1—e % =0.75, so x = 4159. Subtracting

the deductible of 500 gives 3659 as the (unconditional) 95" percentile of the insurance company
payout.

105. Solution: C

The ratio of the probability that one of the damaged pieces is insured to the probability that none
of the damaged pieces are insured is

r\(27-r
)
27
[ 4 j 4r
r\(27-r) 24—t
ol )
27
)
where r is the total number of pieces insured. Setting this ratio equal to 2 and solving yields r =
8.

The probability that two of the damaged pieces are insured is

2 G2
2)\ 2 )_\2)\2)__(8)N19)I)4)E)()A) _ 266 _

(27) [27J T 27)(26)(25)(28)(Q(M)(2)() 975
4 4
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106. Solution: A

The probability that Rahul examines exactly n policies is 0.1(0.9)"". The probability that Toby

examines more than n policies is 0.8". The required probability is thus

>.0.1(0.9)"*(0.8)" %20.72“ __ 072 857 ,
=1 n=1

9(1-0.72)

An alternative solution begins by imagining Rahul and Toby examine policies simultaneously
until at least one of the finds a claim. At each examination there are four possible outcomes:

1. Both find a claim. The probability is 0.02.

2. Rahul finds a claim and Toby does not. The probability is 0.08.

3. Toby finds a claim and Rahul does not. The probability is 0.18

4. Neither finds a claim. The probability is 0.72.

Conditioning on the examination at which the process ends, the probability that it ends with
Rahul being the first to find a claim (and hence needing to examine fewer policies) is 0.08/(0.02
+0.08 + 0.18) = 8/28 = 0.2857.

107. Solution: E

Let a be the mean and variance of X and b be the mean and variance of Y. The two factsarea="b
—8and a+ a?=0.6(b + b?). Substituting the first equation into the second gives

b—8+(b—8)* =0.6b+0.6b°
b—8+b®—-16b+64 =0.6b+0.6b?

0.4b?> -15.6b+56 =0

 15.6+./15.6? ~4(0.4)(56) 15.6+12.4

2(0.4) 0.8
Atb =4, ais negative, so the answer is 35.

b =4 or 35.
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108. Solution: C

Suppose there are N red sectors. Let w be the probability of a player winning the game.
Then, w = the probability of a player missing all the red sectors and

o [5() (3]

Using the geometric series formula,

N+1 N
DRSO .
20 20 9 20) 2 9(9
w=1- —1-— ==t =
L 9 20 ; 9 11 11(20
20 20

Thus we need

N
0.2>W:£+g 9
11 11820

9 N
2.2> 2+9(—)
20
N
02> 9(ij
20
2 (9
—_— > —_—
90 \ 20
N
(Q) > 45
9
_In(45) 4767
In(20/9)
Thus N must be the first integer greater than 4.767, or 5.
109. Solution: B

The fourth moment of X is
5 10

4
jmx—dx=x— — 2000.
010 50

0

The Y probabilities are 1/20 for Y =0 and 10, and 1/10 for Y =1,2,...,9.
E[Y*‘]=@*+2*+---+9%)/10+10* / 20 = 2033.3.

The absolute value of the difference is 33.3.
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110. Solution: E

P(x=1y=1)=P(y=1|x=1)P(x=1) =0.3(0.5)* = 0.075
P(x=2,y=0)=P(y=0|x=2)P(x=2) =0.25(0.5)* =0.03125
P(x=0,y=2)=P(y=2|x=0)P(x=0) =0.05(0.5)" =0.025
The total is 0.13125.

111. Solution: C

1 ° 4
. o|x=(p—1)j1 X\ Pdx

= P
E(X)—Lxx

P p-1
(-l -1y
2—p|1 p-2
p-1=2(p-2)=2p-4

p=3
112. Solution: D

The distribution function plot shows that X has a point mass at 0 with probability 0.5. From 2 to
3 it has a continuous distribution. The density function is the derivative, which is the constant (1
—0.5)/(3-2) = 0.5. The expected value is 0(0.5) plus the integral from 2 to 3 of 0.5x. The
integral evaluates to 1.25, which is the answer. Alternatively, this is a 50-50 mixture of a point
mass at 0 and a uniform(2,3) distribution. The mean is 0.5(0) + 0.5(2.5) = 1.25.

113. Solution: E

The dice rolls that satisfy this event are (1,1), (1,2), (1,3), (2,1), (2,2), (2,3), (2,4), (3,1), (3,2),
(3,3), (3,4), (3,5), (4,2), (4,3), (4,4), (4,5), (4,6), (5,3), (5,4), (5,5), (5,6), (6,4), (6,5), and (6,6).
They represent 24 of the 36 equally likely outcomes for a probability of 2/3.

114. Solution: D

0.64=p= Cov(M,N)
JVvar(M)Vvar(N)
Cov(M,N) =0.64,/1600(900) = 768
Var(M + N) =Var(M)+Var(N)+2Cov(M, N) =1600+ 900 + 2(768) = 4036
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115. Solution: C

6 0,5x © 05Xy osx |t [ osx _05x |
L (x—1)0.5e % dx + L 5(0.5)e **"dx = —(x~De > + Le dx—5e 0|

6
=53 +0— 2 B Ge®=-20°+2e"?

116. Solution: A

Let C be the number correct. C has a binomial distribution with n = 40 and p = 0.5. Then the
mean is 40(0.5) = 20 and the variance is 40(0.5)(0.5) = 10. With the exact probability we have

0.1=P(C>N)= Pr(Z >wj
J10
1.282 =w, N =1.282+/10 +19.5 = 23.55,
J10

At N = 23 the approximate probability will exceed 0.1 (Z = 1.107).
117. Solution: B

The months in question have 1, 1, 0.5, 0.5, and 0.5 respectively for their means. The sum of
independent Poisson random variables is also Poisson, with the parameters added. So the total
number of accidents is Poisson with mean 3.5. The probability of two accidents is

-35 2
€735 _ 0185,

118. Solution: B

The payments are 0 with probability 0.72 (snowfall up to 50 inches), 300 with probability 0.14,
600 with probability 0.06, and 700 with probability 0.08. The mean is 0.72(0) + 0.14(300) +
0.06(600) + 0.08(700) = 134 and the second moment is 0.72(072) + 0.14(30072) + 0.06(600"2) +
0.08(70072) = 73,400. The variance is 73,400 — 134”2 = 55,444. The standard deviation is the
square root, 235.

119. Solution: D

1= " c(x* ~60x+800)dx = ¢ (x* /3—30x* +800X)|| =¢20,000/3=> ¢ =3/20,000

3
20,000

20 20
P(X >d):jd c(xz—6Ox+800)dx:(:(x3/3—3Ox2+800x)‘d =1- (d®/3-30d*+800d)

P(X>10) _ 02 _ 00

P(X>10|X >2)= = =
P(X>2) 0.7776
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120. Solution: A

Each event has probability 0.5. Each of the three possible intersections of two events has
probability 0.25 = (0.5)(0.5), so each pair is independent. The intersection of all three events has
probability 0, which does not equal (0.5)(0.5)(0.5) and so the three events are not mutually
independent.

121. Solution: C
Let event A be the selection of the die with faces (1,2,3,4,5,6), event B be the selection of the die
with faces (2,2,4,4,6,6) and event C be the selection of the die with all 6’s. The desired

probability is, using the law of total probability,
P(6,6) =P(6,6| A)P(A)+ P(6,6|B)P(B)+P(6,6|C)P(C)

= (L/36)(L/ 2) + (L/9)(L/ 4) +1(L/ 4) =1/ 72+2/72+18/ 72 = 21/ 72 = 0.292.

122. Solution: D

)2
2)\2){2) _15(6)(1) —0.097
(12} 924 '
6

123. Solution: D

Consider the three cases based on the number of claims.

If there are no claims, the probability of total benefits being 48 or less is 1.

If there is one claim, the probability is 48/60 = 0.8, from the uniform distribution.

If there are two claims, the density is uniform on a 60x60 square. The event where the total is 48
or less is represented by a triangle with base and height equal to 48. The triangle’s area is
48x48/2 = 1152. Dividing by the area of the square, the probability is 1152/3600 = 0.32.

Using the law of total probability, the answer is 0.7(1) + 0.2(0.8) + 0.1(0.32) = 0.892.
124. Solution: B

The sum of independent Poisson variables is also Poisson, with the means added. Thus the
number of tornadoes in a three week period is Poisson with a mean of 3x2 = 6. Then,

0 1 2 3
P(N <4)=p(0)+ pD)+ p(2)+ p(3) =e° [%+%+%+%} =0.1512.
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125. Solution: A

The number of components that fail has a binomial(3, 0.05) distribution. Then,

P(N >2) = p(2)+ p(3) :(2}(0.05)2(0.95)+@(0.05)3 = 0.00725.

126. Solution: E

The profit variable X is normal with mean 100 and standard deviation 20. Then,

0-100 60-100
P <Z<
P(X<60|X>0)_P(O<X£6O)_ 20 20 ) F(-2)-F(-5)
P(X >0) P(Z . 0—;)00) 1-F(-5)

For the normal distribution, F(—x) = 1 — F(x) and so the answer can be rewritten as
[1-FQ2)-1+F®))/[1-1+F®)]=[F(5)-F )]JF(®5).

127. Solution: A

Let B be the event that the policyholder has high blood pressure and C be the event that the
policyholder has high cholesterol. We are given P(B) = 0.2, P(C) = 0.3, and P(C | B) = 0.25.
Then,
P(B|C) = P(BNC) _ P(C|B)P(B) _ 0.25(0.2)

P(C) P(C) 0.3

=1/6.

128. Solution: D

This is a hypergeometric probability,

i
L\L)__205) _100 _, 4o

(25} 25(24)/2 300

2

Alternatively, the probability of the first worker being high risk and the second low risk is
(5/25)(20/24) = 100/600 and of the first being low risk and the second high risk is (20/25)(5/24)
= 100/600 for a total probability of 200/600 = 0.333.
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129. Solution: C

X _ X 3 2 _ 1 4 . 5 6 1_ _
E(—l_xj—Goj X9 dx = 60| x*(1—x)dx =60(x° /5—x°/6)| =60(1/5-1/6) =2

X Y 'S 3 2 1.5 6 1
EHH) }:60]0 " (1-X) dx:fsojox dx = 60(x /6)\0 =60(1/6)=10

Var(—x ):10—22 =6
X

130. Solution: B

P(at least one emergency room visit or at least one hospital stay) =1 — 0.61 = 0.39 = P(at least
one emergency room visit) + P(at least one hospital stay) — P(at least one emergency room visit
and at least one hospital stay).

P(at least one emergency room visit and at least one hospital stay) =1-0.70+1-0.85-0.39 =
0.060.

131. Solution: A

Let Y be the loss and X be the reimbursement. If the loss is less than 4,

P(X <x)=P(Y <x)=0.2x for x < 4 because Y has a uniform distribution on [0, 5]. However,
the probability of the reimbursement being less than or equal to 4 is 1 because 4 is the maximum
reimbursement.

132. Solution: B

The number of males is 0.54(900) = 486 and of females is then 414.

The number of females over age 25 is 0.43(414) = 178.

The number over age 25 is 395. Therefore the number under age 25 is 505. The number of
females under age 25 is 414 — 178 = 236. Therefore the number of males under 25 is 505 — 236 =
269 and the probability is 269/505 =0.533.

133. Solution: C

Let R be the event the car is red and G be the event the car is green. Let E be the event that the
claim exceeds the deductible. Then,

P(R|E) = P(R)P(E|R) _ 0.3(0.09) _ 0027 _
P(R)P(E|R)+P(G)P(E|G) 0.3(0.09)+0.7(0.04) 0.055
Note that if A is the probability of an accident,

P(E|R) = P(E|R and A)P(A|R) = 0.1(0.9) = 0.09.

0.491.
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134. Solution: B

Let X and Y be the selected numbers. The probability Paul wins is P(] X =Y [<3). Of the 400

pairs, it is easiest to count the number of outcomes that satisfy this event:

If X=1,thenY can be 1, 2, 3, or 4 (4 total)

If X=2,thenY canbe 1, 2, 3,4, or 5 (5 total)

For X = 3 there are 6, and for X = 4 through 17 there are 7. For X = 18, 19, and 20 the counts are
6, 5, and 4 respectively. The total isthen 4 +5+ 6 + 14(7) + 6 + 5 + 4 = 128. The probability is
128/400 = 0.32.

135. Solution: C

Let C and K denote respectively the event that the student answers the question correctly and the
event that he actually knows the answer. The known probabilities are

P(C|K®) =05 P(C|K)=1 P(K|C)=0.824, P(K)=N/20. Then,
P(C | K)P(K) 1(N /20) N

0824 = P(KIC) = 5 CTKIP(K) + P(C[KI)P(K®) ~ 1(N720) + 05(20—N)/20 N +0.5(20_N)

0.824(0.5N +10) = N
8.24 = 0.588N
N =14.

136. Solution: D

The probability that a randomly selected cable will not break under a force of 12,400 is
P(Y >12,400) = P[Z > (12,400-12,432)/ 25=-1.28] = 0.9. The number of cables, N, that will

not break has the binomial distribution with n = 400 and p = 0.9. This can be approximated by a
normal distribution with mean 360 and standard deviation 6. With the continuity correction,
P(N >349) = P[Z > (348.5—360) / 6 =—1.9167] = 0.97.

137. Solution: D

Because the mode is 2 and 3, the parameter is 3 (when the parameter is a whole number the
probabilities at the parameter and at one less than the parameter are always equal).

Alternatively, the equation p(2) = p(3) can be solved for the parameter. Then the probability of
selling 4 or fewer policies is 0.815 and this is the first such probability that exceeds 0.75. Thus,
4 is the first number for which the probability of selling more than that number of policies is less
than 0.25.
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138. Solution: E

Of the 36 possible pairs, there are a total of 15 that have the red number larger than the green
number. Note that a list is not needed. There are 6 that have equal numbers showing and of the
remaining 30 one-half must have red larger than green. Of these 15, 9 have an odd sum for the
answer, 9/15 = 3/5. This is best done by counting, with 3 combinations adding to 7, 2
combinations each totaling 5 and 9, and 1 combination each totaling 3 and 11.

139. Solution: B

From the table the exact 93rd percentile comes from a z-score between 1.47 and 1.48. 1.47
implies a test score of 503 + 1.47(98) = 647.1. Similarly, 1.48 implies a score of 648.0. The
closest multiple of 10 is 650. Abby’s z-score is then (650 — 521)/101 = 1.277. This rounds to
the 90th percentile of the standard normal distribution.

140. Solution: C

Let X, Y, and Z be the three lifetimes. We want

P(X+Y >19Z2)=PW =X+Y -1.9Z >0).

A linear combination of independent normal variables is also normal. In this case W has a mean
of 10 + 10— 1.9(10) = 1 and a variance of 9 + 9 + 1.9(1.9)(9) = 50.49 for a standard deviation of
7.106.

Then the desired probability is that a standard normal variable exceeds (0 — 1)/7.106 = -0.141.
Interpolating in the normal tables gives 0.5557 + (0.5596 — 0.5557)(0.1) = 0.5561, which rounds
to 0.556.

141. Solution: C

We have
2-12-d 0.8-d

0.3=P[insurer must pay at least 1.2] = P[loss >1.2+d] =

2-0 2
d =0.8-2(0.3)=0.2.
Then,
P [insurer must pay at least 1.44] = P[loss >1.44+d]= 2-144-02 0.18.

142. Solution: E

The cumulative distribution function for the exponential distribution of the lifespan is
F(x)=1—e ™, for positive x.

The probability that the lifespan exceeds 4 years is0.3=1-F(4) =e™*. Thusi=—(In0.3)/4.
For positive x, the probability density function is

f(X)= A6 = — |n2-3 pn02)4 _ _ |n2-3 (0.3,
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143. Solution: C

It is not necessary to determine the constant of proportionality. Let it be c. To determine the
mode, set the derivative of the density function equal to zero and solve.

0=f'(x)= dicx2 L+ x*) ™" = 2ex(L+ x*) "+ ex?[-(1+ x*) 13X
X

=2cx(1+ x*)=3cx*  (multiplying by (L+ x%)?)

= 2cx +2cx* —3cx* = 2cx —cx?

=2-x*=>x=2"=1.26.

144, Solution: C

It is not necessary to determine the constant of proportionality. Let it be c. To determine the
mode, set the derivative of the density function equal to zero and solve.

0=f'(x)=—cxe™ =ce™ —cx(2x)e ™ =ce™ (1-2x%%)

a4
dx
—1-2x* (multiplying by ce®)
=x=(1/2)"*=0.71.

145. Solution: E

A geometric probability distribution with mean 1.5 will have p = 2/3. So Pr(1 visit) = 2/3, P(two
visits) = 2/9, etc. There are four disjoint scenarios in which total admissions will be two or less.

Scenario 1: No employees have hospital admissions. Probability = 0.8° = 0.32768.

Scenario 2: One employee has one admission and the other employees have none. Probability =
5

[1](0.2)(0.8)4(2 13)=0.27307 .

Scenario 3: One employee has two admissions and the other employees have none. Probability =
5

(J(O.Z)(O.B)“(Z /9) =0.09102.

Scenario 4: Two employees each have one admission and the other three employees have none.

5
Probability = [2](0.2)2(0.8)3(2/3)(2 /3)=0.09102 .

The total probability is 0.78279.
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146. Solution: C

The intersection of the two events (third malfunction on the fifth day and not three malfunctions
on first three days) is the same as the first of those events. So the numerator of the conditional
probability is the negative binomial probability of the third success (malfunction) on the fifth
day, which is

@ (0.4)°(0.6)7(0.4) = 0.13824

The denominator is the probability of not having three malfunctions in three days, which is
1-(0.4)* =0.936.
The conditional probability is 0.13824/0.936 = 0.1477.

147. Solution: C

Let p, represent the probability that the patient's cancer is in stage i, fori =0, 1, 2, 3, or 4.

The probabilities must sum to 1. That fact and the three facts given the question produce the
following equations.

po+p1+p2+p3+p4:1
Po+ P+ P, =075
p1+p2+p3+p4:0-8
Po+ P +Ps+p, =08

Therefore, we have

Po=(Po+ P+ P+ P+ P,)—(P +P,+ Py +p,)=1-08=02
P, =(Py+ P+ Py+ D3+ Py)—(Po+ P+ Py + P, ) =1-0.8=0.2.
P,=(Py+ P+ P,)—Py—P,=0.75-0.2—-0.2=0.35.

148. Solution: D

Using the law of total probability, the requested probability is
D Pk+075< X <k+1lk< X <k+D)P(k <X <k+1).

k=0
The first probability is

P(k+0.75< X <k +1|k < X <k+1)= P(KFOIS<X<k+)

P(k < X <k +1)

3 F(k +1) _ F (k + 075) B 1_ e—(k+1)/2 _1+ e—(k+0.75)/2 ~ e—0.375 _e—0.5 B 0 205
F(k +1)_ F(k) 1_e—(k+1)/2 _1+e—k/2 1_e—0.5 ) '

This probability factors out of the sum and the remaining probabilities sum to 1 so the requested
probability is 0.205.
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149. Solution: B

The requested probability can be determined as
P(3 of first 11 damaged)P(12th is damaged | 3 of first 11 damaged)

o)l
_ 3)\8)4 35@,287)4 0119

(20} 9 167,960 9

11

150. Solution: E

Let M be the size of a family that visits the park and let N be the number of members of that
family that ride the roller coaster. We want P(M =6 | N =5). By Bayes theorem

P(M =6|N =5)
__P(N=5|M =6)P(M =6)
ZY:P(N =5|M =m)P(M =m)

m=1

12 1
_ 628 -3 3 _35 03007
04040404413 ,12 11 3 1.1 63+35+15 113

528 628 728 5 3 7

151. Solution: C

Let S represent the event that the selected borrower defaulted on at least one student loan.
Let C represent the event that the selected borrower defaulted on at least one car loan.

We need to find P(C|S):%.
We are given P(S)=0.3, P(S|C)=%=o.4, P(C|S°):P(§(—;§’C):o.28.

Then,
P(CnS°)=0.28P(5°) =0.28(1-0.3) = 0.196.

Because
P(C)=P(CnS)+P(CnS°] and P(C)=P(CnS)/0.4 we have
P(CNS)/0.4=P(CNS)+0.196= P(C ~S)=0.196/1.5=0.13067.

Therefore,

p(c|s)~PCOS) _ 013067

P(S) 0.3

=0.4356,
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152. Solution: E

Without the deductible, the standard deviation is, from the uniform distribution,
b/+/12 =0.28868b. Let Y be the random variable representing the payout with the deductible.

b

2
E(Y) :job_lb(y—o.lb)%dy: Y _01y| =0.5b—0.1b—0.005b+0.01b = 0.405b

20

0.1b
b

b 1 8
E(Y?) zfo_lb(y—o.m)zgdy:;’—b—o.lyz +00%y)

=b®/3-0.1b* +0.01b* - 0.001b* / 3+ 0.001b* — 0.001b* = 0.243b’

Var(Y) = 0.243b% — (0.405b)? = 0.078975b>

SD(Y) =0.28102b.
The ratio is 0.28102/0.28868 = 0.97347.

153. Solution: C

1) is false because G includes having one accident in year two.

ii) is false because there could be no accidents in year one.

i) is true because it connects the descriptions of F and G (noting that “one or more” and “at
least one” are identical events) with “and.”

Iv) is true because given one accident in year one (F), having a total of two or more in two years
is the same as one or more in year two (G).

V) is false because it requires year two to have at least two accidents.

154. Solution: B
P[D]=P[H]P[D|H]+P[M]P[D|M]+P[L]P[D|L]

0.009=P[H]P[D|H]+ P[M]G P[D| H]]+ P[L](%%P[D | H]j

0.009=0.20P[D | H]+O.35(% P[D| H]j+ 0.45(% P[D|H ]j =0.45P[D|H]
P[D|H]=0.009/0.45=0.02
155. Solution: C

If the deductible is less than 60 the equation is,
0.10(60—d) +0.05(200—-d) +0.01(3000—-d) =30 = d =100. .

So this cannot be the answer. If the deductible is between 60 and 200, the equation is
0.05(200—d) +0.01(3000—-d) =30 = d =166.67 . This is consistent with the assumption and is

the answer.
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156. Solution: C

The probability that none of the damaged houses are insured is

Llo—kj[kj
1 L0 J38) kk-1k-2)

120 10 720
o
k(k-1)(k—-2)=6

This cubic equation could be solved by expanding, subtracting 6, and refactoring. However,

because k must be an integer, the three factors must be integers and thus must be 3(2)(1) for k =
3.

The probability that at most one of the damaged houses is insured equals

{10 - 3} (3]
1 1 Jl2) 1 7199 22 11
+ =—+ =—=

120 (10] 7120 120 120 60

3

157. Solution: B
This question is equivalent to “What is the probability that 9 different chips randomly drawn

from a box containing 4 red chips and 8 blues chips will contain the 4 red chips?” The
hypergeometric probability is

4o

4)\5 =1(56)=0 2545
(12} 220 '
9

158. Solution: D

Let N be the number of sick days for an employee in three months. The sum of independent

Poisson variables is also Poisson and thus N is Poisson with a mean of 3.. Then,
5[0 3t 32 3
PIN<2]=e"| —+—+—|=e "(1+3+4.5)=0.423.
or 1r 21

The answer is the complement, 1 —0.423 = 0.577.
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159. Solution: B
A=P(N >3):1—[P(N =0)+P(N=1)+P(N=2)+P(N =3)]
=1-¢° 1+§+g+2—7 =1-13¢°=0.3528
1 2 6
B=P(N >1.5) =1—[P(N =0)+P(N =1)]
=1-¢*° (1+%) =1-2.5e1 =0.4422
B-A=0.4422 -0.3528 = 0.0894.
160. Solution: E

For Policy A, the relevant equation is
0.64=P(L>1.44) =g "™

In(0.64) = ~0.44629 = —1.44/ 4

u=3.2266.
For Policy B, the relevant equation is
0.512=P(L >d) =g 93%%

In(0.512) = —0.6694 = —d / 3.2266
d =2.1599.

161. Solution: B

a+l

. : . 5
Because the density function must integrate to 1,1= .[o ex?dx=c 1
a+

From the given probability,

375 a+1375% 375\

a+l 53l a4l _( 5 j
In(0.4871) = —0.71929 = (a+1) In(3.75/5) = —0.28768(a +1)
a=(—0.71929) / (-0.28768) —1=1.5.
The probability of a claim exceeding 4 is,
ga+l _ »4a+l _ a+153+ _ga+l :1_(£]1.5+1 042757
a+1l 5atl a4+l

3.75
0.4871= jo ex@dx = ¢

5
J. cxddx =c¢
4
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162. Solution: A

Let N denote the number of warranty claims received. Then,
0.6=P(N=0)=¢°=c=-In(0.6) =0.5108.

The expected yearly insurance payments are:

5000[P(N =2)+2P(N =3)+3P(N =4) +--]
=5000[P(N =1)+ 2P(N =2)+3P(N =3)+--]-5000[P(N =1) + P(N =2)+ P(N =3)+--]
= 5000E (N) —5000[L— P(N = 0)] = 5000(0.5108) — 5000(L— 0.6) = 554.

163. Solution: D

If L is the loss, the unreimbursed loss, X is

C[L L<180
~|180, L>180.
The expected unreimbursed loss is
144 = E(X) =j018°|[f (1)]d! +180 Pr(L >180) :j:8°|%d| +180027180
2 |180 2 2 2
_ [ 1gp 180° _180° o 180
2b|, b 2b b
144b =180% / 2 +180b —180°
16,200 = 36b
b = 450.

164. Solution: B

Let X be normal with mean 10 and variance 4. Let Z have the standard normal distribution. Let
p = 12th percentile. Then

0.12=P(X <p)= P(X 10 p_10j= P(Z < p_zloj.

2 2
From the tables, P(Z <-1.175) =0.12. Therefore,

p_Tlo — _1.175; p—10=—2.35; p = 7.65.
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165. Solution: D

From the normal table, the 14th percentile is associated with a z-score of —1.08 . Since the

means are equal and the standard deviation of company B's profit is 4/2.25 =1.5 times the
standard deviation of company A's profit, a profit that is 1.08 standard deviations below the
mean for company A would bel1.08/1.5 = 0.72 standard deviations below the mean for company
B. From the normal table, a z-score of —0.72 is associated with the 23.6th percentile.

166. Solution: C

The conditional variance is
Var(X | X >10) = E(X?| X >10)-E(X | X >10)°

2

o0

j x2(0.2)e 29 qx j x(0.2)e 2 9dx
10

_ |10

[ 0.267°2 [ 0.267°20
10 10
Performing integration (using integration by parts) produces the answer of 25.

An alternative solution is to first determine the density function for the conditional distribution.
Itis

0.2e %209) 0.2 %2079 0,2¢7%209)
f = i = i = i

(Y) @ 02(x-5)|” e 020)

j 0.2 02x8)gy  —€ 10
10

=0.2e77%0719 'y 510,

Then note that Y — 10 has an exponential distraction with mean 5. Subtracting a constant does not
change the variance, so the variance of Y is also 25.

167. Solution: C

Let X and Y represent the annual profits for companies A and B, respectively and m represent the
common mean and s the standard deviation of Y. Let Z represent the standard normal random
variable.

Then because X’s standard deviation is one-half its mean,

px <0)=p[X=M O=M)_ b7 o _2)_0.0228.
0.5m 0.5m

Therefore company B’s probability of a loss is 0.9(0.0228) = 0.02052. Then,
0.02052 = P(Y <0) = P (Y%m < O_ij — P(Z <-m/s). From the tables, —2.04 = —m/s and

therefore s = m/2.04. The ratio of the standard deviations is (m/2.04)/(0.5m) = 0.98.
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168. Solution: B

Y is a normal random variable with mean 1.04(100) + 5 = 109 and standard deviation 1.04(25) =
26. The average of 25 observations has mean 109 and standard deviation 26/5 =5.2. The
requested probability is

P(100 < sample mean <110) = P (M

=-1.73<Z <%= 0.19J

=0.5753— (1—0.9582) = 0.5335.

169. Solution: E

The possible events are (0,0), (0,1), (0,2), (0,3), (1,1), (1,2), (1,3), (2,2), (2,3), and (3,3). The
probabilities (without ¢) sumto0+2+4+6+3+5+ 7+ 6+ 8+ 9 =50. Therefor ¢ = 1/50.
The number of tornadoes with fewer than 50 million in losses is Y — X. The expected value is
(1/50)[0(0) + 1(2) + 2(4) + 3(6) + 0(3) + 1(5) + 2(7) + 0(6) + 1(8) + 0(9)]=55/50 = 1.1.

170. Solution: D

Consider three cases, one for each result of the first interview.

Independent (prob 0.5): Expected absolute difference is (4/9)(0) +(5/9)(1) = 5/9
Republican (prob =0.3): Expected absolute difference is (2/9)(0) + (5/9)(1) + (2/9)(2) = 1
Democrat (prob = 0.2): Expected absolute difference is (3/9)(0) + (5/9)(1) + (1/9)(2) = 7/9.
The unconditional expectation is 0.5(5/9) + 0.3(1) + 0.2(7/9) = 6.6/9 = 11/15.

Alternatively, the six possible outcomes can be listed along with their probabilities and absolute
differences.

171. Solution: C

Let Z = XY. Let a, b, and c be the probabilities that Z takes on the values 0, 1, and 2, respectively.
We have b = p(1,1) and ¢ = p(1,,2) and thus 3b = ¢. And because the probabilities sum to 1,
a=1l-b-c=1-4b. Then, E(Z) =b + 2c=7b, E(Z*Z) = b + 4c = 13b. Then,

Var(Z) =13b —49b°

(d/db)var(Z)=13-98b=0=hb=13/98.

The probability that either X or Y is zero is the same as the probability that Z is 0 which is
a=1-4b=46/98 = 23/49.
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172. Solution: C

Let J and K be the random variables for the number of severe storms in each city.
PJ=j|K=5)= P(K=5|J=))PJ =}))
P(K =5)

5
P(K =5|J =3)=1/6, P(J =3) =[3j0.630.42 = 0.3456
5
P(K=5|J=4)=1/3 P(J =4) =[4JO.640.41 =0.2592

5
P(K =5|J =5)=1/2, P(J =5) :(5j0.650.4° =0.07776

P(K =5) = (1/6)(0.3456) + (1/ 3)(0.2592) + (1/ 2)(0.07776) = 0.18288

_ (1/6)(0.3456)
)= 0.18288

_ (1/3)(0.2592)
)= 0.18288

_ (1/2)(0.07776)
)= 0.18288
E(J | K =5) =3(0.31496) + 4(0.47244) + 5(0.21260) = 3.89764.

P(J =3|K =5 = 0.31496

P(J=4|K=5 =0.47244

P(J=5/K=5 =0.21260

173. Solution: B

Given N + S = 2, there are 3 possibilities (N,S) = (2,0), (1,1), (0,2) with probabilities 0.12, 0.18,
and 0.10 respectively.
The associated conditional probabilities are

P(N=0| N +S=2)=0.10/0.40 = 0.25,
P(N=1| N+S=2)=0.18/0.40 = 0.45,
P(N=2| N+S =2)=0.12/0.40 = 0.30.

The mean is 0.25(0) + 0.45(1) + 0.30(2) = 1.05.

The second moment is 0.25(0) + 0.45(1) + 0.30(4) = 1.65.
The variance is 1.65 — (1.05)(1.05) = 0.5475.
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174. Solution: A

Because the territories are evenly distributed, the probabilities can be averaged. Thus the
probability of a 100 claim is 0.80, of a 500 claim is 0.13, and of a 1000 claim is 0.07. The mean
is 0.80(100) + 0.13(500) + 0.07(1000) = 215. The second moment is 0.80(10,000) +
0.13(250,000) + 0.07(1,000,000) = 110,500. The variance is 110,500 — (215)(215) = 64,275.
The standard deviation is 253.53.

175. Solution: D

With each load of coal having mean 1.5 and standard deviation 0.25, twenty loads have a mean
of 20(1.5) = 30 and a variance of 20(0.0625) = 1.25. The total amount removed is normal with
mean 4(7.25) = 29 and a variance of 4(0.25) = 1. The difference is normal with mean 30 — 29 =
1 and standard deviation sqrt(1.25 + 1) = 1.5. If D is that difference,

P(D>0)= P[z > 01—_51 = —0.67} = 0.7486.

176. Solution: C

The probability needs to be calculated for each total number of claims.

0: 0.5(0.2) =0.10

1: 0.5(0.3) + 0.3(0.2) =0.21

2:0.5(0.4) +0.3(0.3) + 0.2(0.2) =0.33

3:0.5(0.1) + 0.3(0.4) + 0.2(0.3) + 0.0(0.2) =0.23

At this point there is only 0.13 probability remaining, so the mode must be at 2.

177. Solution: B

Let X represent the number of policyholders who undergo radiation.

Let Y represent the number of policyholders who undergo chemotherapy.

X and Y are independent and binomially distributed with 15 trials each and with "success
probabilities 0.9 and 0.4, respectively.

The variances are 15(0.9)(0.1) = 1.35 and 15(0.4)(0.6) = 3.6.

The total paid is 2X + 3Y and so the variance is 4(1.35) + 9(3.6) = 37.8.
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178. Solution: C

Let X and Y represent the number of selected patients with early stage and advanced stage
cancer, respectively. We need to calculate E(Y | X >1).

From conditioning on whether or not X >1, we have
E(Y)=P[X =0]E(Y | X =0)+ P[X >1]E(Y | X >1).

Observe that P[X =0]=(1-0.2)° =(0.8)°, P[X >1]=1-P[X =0]=1-(0.8)° , and
E(Y)=6(0.1) =0.6. Also, note that if none of the 6 selected patients have early stage cancer,
then each of the 6 selected patients would independently have conditional probability

Tos 0'012 :% of having late stage cancer, so E(Y | X =0) =6(1/8)=0.75.
Therefore,

— = = - °
E(v X >1)= EV)=PIX=0E(Y[X =0) _06-(08°(075) _,,

P[X >1] 1-(0.8)°
179. Solution: A

Because there must be two smaller values and one larger value than X, X cannot be 1, 2, or 12. If
X'is 3, there is one choice for the two smallest of the four integers and nine choices for the
largest integer. If X is 4, there are three choices for the two smallest of the four integers and
eight choices for the largest integer. In general, if X = x, there are (x — 1) choose (2) choices for
the two smallest integers and 12 — x choices for the largest integer. The total number of ways of
choosing 4 integers from 12 integers is 12 choose 4 which is 121/(418!) = 495. So the probability
that X = x is:

(12—x)
2 _ (x=D(x-2)(12—-x)
495 B 990 '
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180. Solution: A

We have
0.95= P(X <k| X >10,000) = "X <k) = P(X <10,000)
1- P(X <10,000)
0.95[1— P(X <10,000)] = 0.9582 — P(X <10,000)
P(X <10,000) = 22822095 _ 164
1-0.95

10,000-12,000)

: |

The z-value that corresponds to 0.164 is between —0.98 and —0.97. Interpolating leads to
z=-0.978. Then,

0.164 q)(l0,000—lZ,OOO
C

0.164 = d)(

-2,000
C

= ¢ =2045.

j = -0.978=

181. Solution: B

Before applying the deductible, the median is 500 and the 20th percentile is 200. After applying
the deductible, the median payment is 500 — 250 = 250 and the 20th percentile is max(0, 200 —
250) = 0. The difference is 250.

182. Solution: B

32 own L/A/H

55 own L/H so 55 — 32 = 23 own L/H/notA

96 own A/H so 96 — 32 = 64 own A/H/notL

207 own H so 207 — 32 — 23 — 64 = 88 own H only
Lonly=X,Aonly=X+76

88+ X+ (X+76)=270s0 X=53s0Lonly=53, Aonly =129
129 + 64 + 32 + L/A/notH = 243 so L/A/notH = 18

Total clients =53 + 129 + 88 + 18 + 64 + 23 + 32 = 407

Alternatively, a Venn diagram could be used to guide the calculations.
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183. Solution: D

Mutual funds
=220

Annuities
=228

Life insurance

Then 290 = 45 + 45 + x + X, thus x = 100.
Als0 228 =100 +y + 16 + 77, thus y = 35.
Total clients = 145 + 82 + 16 + 35 + 100 + 77 + 45 = 500.

184. Solution: D

Let A, B, and C be the sets of policies in the portfolio on three-bedroom homes, one-story homes,
and two-bath homes, respectively. We are asked to calculate 1000-n(Auw B uwC), where n(D)
denotes the number of elements of the set D. Then,
n(AuBuUC)=n(A)+n(B)+n(C)-n(AnB)-n(AnC)-n(BNC)+n(AnBNC)

=130+ 280+150-40-30-50+10=450.
The answer is 1000 — 450 = 550.

185. Solution: B

We seek the number of ways to select 4 individuals from 7 and choose one selected member as
subcommittee chair. (The existence of a subcommittee secretary is irrelevant.) There are (7
choose 4) = 7(6)(5)(3)/4! = 35 ways to form a collection of 4 individuals from 7. For each of
them, there are 4 ways to assign a chair. The product, 140, is the number of different ways to
form a subcommittee of 4 individuals and assign a chair and thus is the maximum number
without repetition.
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186. Solution: D

P(2 red and 2 blue transferred and blue drawn)
P(blue drawn)

HH
2)\2) 2 _2815) 2 840

(14) 4 1001 4 4004

P(2 red and 2 blue transferred | blue drawn) =

P(2 red and 2 blue transferred and blue drawn) =

4

8)(6 8)(6 8)(6 8\(6
P (blue drawn) — [o}@ A (1)[3} 3. (2)(2) 2. (3}@ 1 _60+480+840+336 1716
14) "4 (14 T4 (14) 4 (14) "4 4004 4004

R AR O B v

P(2 red and 2 blue transferred | blue drawn) = % =0.49.

187. Solution: D

If a policy is of Type A, the probability that the two claims are equal is (0.4)(0.4) + (0.3)(0.3) +
(0.2)(0.2) +(0.1)(0.1)=0.16 +0.09 + 0.04 + 0.01 = 0.30.

If a policy is of Type B, the probability that the two claims are equal is 4(0.25)(0.25) = 0.25.
Therefore, the probability that a randomly selected policy has equal claims is 0.70(0.30) +
0.30(0.25) = 0.285.

If four policies are selected, the desired probability is the probability that a binomial random
variable withn =4 and p = 0.285 is 1. This is 4(0.285)(1 — 0.285)"3 = 0.417.
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188. Solution: A

Let A =eventthat person wants life policy P
B = event that person wants life policy Q
C = event that person wants the health policy
and let a, b, ¢, d be the probabilities of the regions as shown.

A C B
i) is reflected by no intersection of A and B
iv) is reflected by the 0.18 in the diagram
il) impliesa + b =2(c +d)

iii) impliesb+c+0.18=0.450rb +c=0.27
v) implies P(JA or B] and C) =P(Aor B)P(C)orb+c=(a+b + c + d)(0.45)

S00.27 =(a+d +0.27)(0.45) and then a + d = 0.33.
The desired probability isa + 0.18 + d =0.33 + 0.18 = 0.51.

189. Solution: B
The state will receive 800,000($1) = $800,000 in revenue, and will lose money if there are 2 or

more winning tickets sold. The player’s entry can be viewed as fixed. The probability the
lottery randomly selects those same six numbers is from a hypergeometric distribution and is

o))

6)\0)_ 1 _ 6O 1
30 30! 30(29)(28)(27)(26)(25) 593,775
6 61(241)

The number of winners has a binomial distribution with n = 800,000 and p = 1/593,775. The
desired probability is
Pr(2 or more winners) =1— Pr(0 winners) — Pr(1 winner)

_,_[800,000)( 1 Y(593774)**" (800,000} 1 Y(593774)"*
0 593,775 ) \ 593,775 1 593,775 ) | 593,775

=1-0.2599 -0.3502 =0.39.
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190. Solution: E

The number that have errors is a binomial random variable with p = 0.03 and n = 100. Let X be
the number that have errors. Then,
Pr(number that are error-free <95) =Pr(X >5)=1-P(0)-P(1)-P(2)-P(3)—-P(4)

- 1{%}(0.03)" (0.97)" —(120](0.03)l (0.97)" —(120](0.03)2 (0.97)" —(120J(0.03)3 (0.97)”

100
—[ . J(o.os)“(og?)g6 =0.1821.
Or, the Poisson approximation can be used. Then, 2=3 and
e’3% e°3 %3 ¢33 %3
o0 1 21 3 4

9 27 81

P(X >5)=1- =1—e‘3(1+3+—+—+—):0.1847.
2 6 24

191. Solution: D

P[AUBUC]=P[A]+P[B]+P[C]-P[AnB]-P[ANC]-P[BNC]+P[ANBNC]
=0.2+0.1+0.3-0.2(0.1)-0-0.2(0.3) + 0 = 0.55.

192. Solution: A

The probability a union of three events equals the sum of their probabilities if and only if they
are mutually exclusive, that is, no two of them can both occur.

Events A and B cannot both occur since no thefts in the first three years would imply no thefts in
the second year, thus precluding the possibility of at least 1 theft in the second year.

Events A and E cannot both occur since no thefts in the first three years would imply no thefts in
the third year, thus precluding the possibility of at least 1 theft in the third year.

Events B and E cannot both occur since it is impossible to experience both no thefts and at least
1 theft in the second year.

Thus, events A, B, and E satisfy the desired condition.

193. Solution: D

Consider the two mutually exclusive events “first envelope correct” and “first envelope
incorrect.” The probability of the first event is 1/4 and meets the requirement of at least one
correct. For the 3/4 of the time the first envelope is incorrect, there are now 3 more envelopes to
fill. Of the six permutations, three will place one letter correctly. The total probability is 1/4 +
3/4(3/6) = 5/8.

194. Solution: C

The deductible is exceeded for 4, 5 or 6 office visits. Therefore, the requested probability is
0.02/(0.04 + 0.02 + 0.01) = 0.286.
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195. Solution: C

Let A be the event that part A is working after one year and B be the event that part B is working

after one year. Then,

P(B|A) = P(AandB) P(A)+P(B)-P(AorB) 0.8+0.6-0.9
P(A) P(A) 08

=5/8.

196. Solution: D

i

The maximum number of draws needed is 5. This can only happen if the first four draws produce
four different colors. The first draw can be any sock. The second draw must be one of the 6 (of 7
remaining) that are different. The third draw must be one of the 4 (of 6) that are different from
the first two. The fourth draw must be one of the 2 (of 5) that are different. The probability all
of this happens is 1(6/7)(4/6)(2/5) = 0.2286.

198. Solution: E

Define the events as follows:
A = applies for a mortgage
S = initially spoke to an attendant
R = call returned the same day
N = call returned the next day
Then, using Bayes’ Theorem,
P(S| A) = P(A[S)P(S)
P(A|S)P(S)+P(A|R)P(R)+P(A|N)P(N)
B 0.8(0.6) _ 0.69
0.8(0.6) +0.6(0.4)(0.75) + 0.4(0.4)(0.25)
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199. Solution: A

Define the events as follows:
C =files a claim

N = no lifting

M = moderate lifting

H = heavy lifting

Then, using Bayes’ Theorem,
P(M orH |C)=1-P(N|C)=1- PCIN)P(N)

P(C|N)P(N)+P(C|M)P(M)+P(C|H)P(H)

=1- 0.05(0.4) =1-0.25=0.75.
0.05(0.4) + 0.08(0.5) + 0.2(0.1)

200. Solution: E

From the Law of Total Probability, the required probability is
Z::O P(0 accidents with an uninsured driver | k accidents)P(k accidents)

-5k -5 -3.75 k
_ *® k€ S _ € © € (3-75) _ .-125
= Y07 = Y et = 0.8,

201. Solution: B

From the binomial distribution formula, the probability P that a given patient tests positive for at
3 3

least 2 of these 3 risk factors is P = [2) p*(1-p)*? +[3] p}(l-p)*® =3p%(l- p)+ p°.

Using the geometric distribution formula with probability of success P =3p?(1— p) + p°, the
probability that exactly n patients are tested is

n-1
(1-P)"*P=[1-3p*(1-p)-p° | [3p’(-p)+p*].
202. Solution: B

For there to be more than three calls before one completed survey all that is required is the first
three calls not result in a completed survey. This probability is (1—0.25)° = 0.42.
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203. Solution: B

For a given X, there are x — 1 choices for the smaller of the four integers and 12 — x choices for
12— XJ ~ (x=D)(12-x)(11-x)
2 ) 2

the two larger integers. Thus, there are (X —1)[ triples that satisfy

12
the event. The total number of possible draws is [ A ) =495 and the probability is

(x-D(A2-x)11-x) 1 x-1)(12-x)(11-x)
2 495 990 '

204. Solution: D

The cumulative distribution function for the exponential distribution is
F(x)=1-e* =1-e*=1-¢"" x>0.

From the given probability data,

F(50) - F(40) = F(r) - F(60)
1— g 50100 _ (1_ e—40/100) —1—g "0 _ (1_ e—60/100)

e e g60/100 _ o-r/100

e—r/lOO — e—GO/lOO _ e—40/100 + e—50/100 — 04850
—r /100 = In(0.4850) = —0.7236
r=72.36.

-40/100 _ ,-50/100 _

205. Solution: B

The desired event is equivalent to the time of the next accident being between 365 and 730 days
from now. The probability is

F (730) _ F (365) — 1_ e—730/200 _ (1_ e—365/200 ) — e—1.825 _ e—3.65 — 01352

Note that the problem provides no information about the distribution of the time to subsequent
accidents, but that information is not needed. With nothing given, anything can be assumed. If
the time to subsequent accidents has the same exponential distribution and the times are
independent, then the number of accidents in each 365 day period is Poisson with mean 1.825.

Then the required probability is e % (1—e™*®°) =0.1352.
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206. Solution: C

Pr(Z <0.72) = 0.7642 = Pr(X < 2000) = Pr{Z < (2000 - 1)/ o]
0.72=(2000- 1)/ &

Pr(Z <1.32) = 0.9066 = Pr(X <3000) = Pr[Z < (3000- x)/ 5]
1.32=(3000- 1)/ &

1.32/0.72 = (3000 — z) / (2000 — 11)

1.8333(2000 — 1) = 3000 — 1

4 =[1.8333(2000) —3000] / (1.8333—1) = 800

o = (3000 — 1) /1.32 =1666.67

Pr(X <1000) = Pr[Z < (1000 —800)/1666.67] = Pr(Z < 0.12) = 0.5478.

207. Solution: B
1 v
P(X >V)=1-P(X SV):l—F(\/):l—(l—Ee v ij.lO.

208. Solution: E

The given mean of 5 years corresponds to the pdf f (t) =0.2e°* and the cumulative distribution
function F(t) =1-e°*. The conditional pdf is

f(t) 0.2e°
o) =D 0%
F@0) 1-e
The conditional mean is (using integration by parts)

-0.2t
E(T|T <10)= [ tg(t)dt ="t Ol-z_eez dt =0.2313[ " te %t

0<t<10.

_ 0.2313[t(—5e-°-2t - —5e‘°'2‘)dt} - 0.2323[—6.7668 10— 2502 \ﬂ
— 0.2313[-6.7668—3.3834 + 25] = 3.435.

209. Solution: D

F(x)= _[OX 2e Vdy = —e‘zy‘: =1-e*

P[X <0.5] F(0.5) 1-e*

- = =0.731.
P[X<1.0] F@.0) 1-¢?

P[X <0.5|X <1.0]=
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210. Solution: B

If E and F are independent, so are E and the complement of F. Then,
P(exactly one) =P(EnF°)+P(E* nF) =0.84(0.35) +0.16(0.65) = 0.398.

211. Solution: E

Let M and N be the random variables for the number of claims in the first and second month.
Then

<
P[M +N >3|M <2]=1-P[M +N <3|M < 2] =1- PIM+N<3M <2]

P[M < 2]
P[M =0,N =0]+P[M =1, N =0]+P[M =0,N =1]+ P[M =1 N =1]
+P[M =0,N =2]+P[M =1,N = 2]+ P[M =0,N =3]

=1- P[M =0]+P[M =1]
_,_ 2139213+ (2/9)(2/3) + (213)(2/9)+ (2/9)(2/9) + (2/3)(2/ 27) + 2192/ 27) + (21 3)(2/8Y)
- 2/13+219
1 087288 4 h1gs.
0.88889

212. Solution: C

Let X = number of patients tested, which is geometrically distributed with constant *“success”
probability, say p.

P[X > n] = P[first n—1 patients do not have apnea] = (1- p)" .
Therefore,

r=P[X >4]=(-p)°
P[X >12] (1- p)“
P[X>4] (@1-p)°

w | oo

8
=r3

P[X >12| X > 4] = =(1-p)° =[@-p)’]

213. Solution: D

The number of defects has a binomial distribution with n = 100 and p = 0.02.

100 , N
) ( , j(o.oz) (0.98)
PIX =2 X <2]= E[i ;g] ~ (100 100 100
[X=<2] ( ) j(0.02)0(0.98)1°°+£ . j(0.02)1(0.98)99+[ ) j(o.oz)z(o.gs)"8
0.27341

= =0.404
0.13262+0.27065+0.27341

Page 62 of 213



214. Solution: A

The town experiences one tornado every 0.8 years on average, which is the mean of the
exponential distribution. The median is found from

0.5=P[X <m]=1-¢™°®
In(0.5) = -m/0.8
m =—0.8In(0.5) = 0.55.

215. Solution: A

Let X = the amount of a loss. Ignoring the deductible, the median loss is the solution to
0.5=P[X >m]= IO.25e‘°'25de =0—(-e*®™) = **" which is m = -4(In0.5) = 2.77.

Because 2.77 > 1, the loss exceeds 2.77 if and only if the claim payment exceeds
2.77 — 1 =1.77, which is therefore the median claim payment.

216. Solution: B

The payment random variable is 1000(X — 2) if positive, where X has a Poisson distribution with

mean 1. The expected value is
1

w e - e 2 e
1000 " (x— Z)W zlooo[zxzo(x—Z)X—ZX:O(X—Z)WJ
=1000(1-2~[-2e " —e]) =1000(-1+3e™*) =104.
Note the first sum splits into the expected value of X, which is 1, and 2 times the sum of the
probabilities (also 1).
217. Solution: C
Let X be the number of employees who die. The expected cost to the company is
100P[Y =1]+ 200P[Y = 2]+ 300P[Y = 3]+400P[Y > 3]
=100(2)e* +200(2)e > +300(4/3)e* + 400[1— (1+2+2+4/3)e’]
=400-1533.33e % =192.
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218. Solution: B

Let X be the number of burglaries. Then,

S > w(0-(0)pO)-1pW)
A SO R R RO BT

_1-p@®  1-e?
“1-p(0)-p) 1-e'-e

=239,

219. Solution: A

The expected unreimbursed loss is
d 1 a0 1 d?

[ ox—"odx+ | Td-——dx=——+d
0 450 d 450 900 450

d*-900d +50,400=0

_ 900++/900% — 201,600 900780
2 2

450-d _ 1 (900d —d?) =56
900

d 60.

220. Solution: D

Let X represent the loss due to the accident.
From the given information, the probability that X is in[0, b] is 0.75, which is larger than 0.5. So
the median, 672, must lie in the interval [0, b].

Note that in a uniform distribution over an interval 1, the probability of landing in an interval J is
the length of the intersection of J and I, divided by the length of I.

Therefore, we have 0.5=P[X <672] = 0.75(6;2 _00) which gives b= 672(%) =1008.

From the law of total probability applied to means, the mean loss due to the accident is
E(X) = P[minor acc.]JE(X | minor acc.) + P[major acc.]JE(X | major acc.)

=0.75E(X | X is uniform on [0,b]) +0.25E(X | X is uniform on [b,3b]).

_ 0_75(0+12008J+0_25(1008 +s(1008)j e

221. Solution: C

The claim amount distribution is a mixture distribution with 20% point mass at 0. To obtain the
median, the remaining 30% probability is from the case where there is a non-zero payment. This
corresponds to the 30/(1 — 0.2) = 37.5 percentile of the unconditional claim amount distribution.
The 37.5 percentile of the standard normal distribution is at z = —0.3187 and thus the median is
1000 - 0.3187(400) = 873.

Page 64 of 213



222. Solution: B

First, the z-score associated with the deductible is:
. 15,000-20,000 _ 11

4,500
Next, using the normal table, we find that the probability that a loss exceeds the deductible is:

P(Z >-1.11) = 0.8665.

The 95th percentile of losses that exceed the deductible is the 1 — 0.05(0.8665) = 0.9567 =
95.67th percentile of all losses.

The 95.67th percentile of all losses is between 1.71 and 1.72 standard deviations above the mean.
To the nearest hundred, both of these correspond to a loss amount of 27,700.

223. Solution: C
The z-score corresponding to the 98th percentile is 2.054. The answer is 20 + 2.054(2) = 24.108.
224. Solution: C

Let T be the time of registration. Due to symmetry of the density function about 6.5. The
constant of proportionality, c, can be solved from

0.5= LG'Scﬁdt —cIn(t+1)[* = cIn(7.5), which gives ¢ = 0.5/In(7.5).

Again using the symmetry, if 60th percentile of T is at k, then P[T <13-k]=0.4. Thus,
05 1 dt = 0.5
In(7.5) t+1 In(7.5)
In(14-k)=0.8In(7.5)=1.6119

14—k =e**™** =5,0124
k =8.99.

0.4=P[T <13—k] = jo“"k In(14—K)

225. Solution: E

The distribution function of L is F(x) =1-e ™ and its variance is 1/ A?. We are given
F(2) = 1.9F(1) and therefore,

1-e* =1.9(1-¢e%)

(l-eH)(I+e?)=1.91-¢e")

e*=0.9

A =-1In(0.9) =0.10536

Var(L)=1/0.10536% = 90.1.
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226. Solution: D

We have Y =0 when X <d and Y = X — d otherwise. Then, noting that the second moment of an
exponential random variable is twice the square of the mean,

E(Y)= j: 0(0.16°*)dx + j: (x—d)(0.1e°*)dx =0+ j: x(0.1e 1) dx = e 01 (10)

E(Y 2) — J‘od 02 (Olle—o.lx)dX + J‘: (X —d )2 (0.1e_o'lx)dX =0+ I: X2 (0.1e_o'l(x+d))dx _ e—O.ld (200)
Var(Y) = e (200) —[e** (10)]* =100[2e ** —e**'],

227. Solution: C

For the Poisson distribution the variance is equal to the mean and hence the second moment is
the mean plus the square of the mean. Then,

E[X]=0.1(1) + 0.5(2) + 0.4(10) = 5.1

E[X?]=0.1(1+1%)+0.5(2+2%) + 0.4(10 +10%) = 47.2

Var(X)=47.2-5.12 = 21.19.

228. Solution: C

Let X be the number of tornadoes and Y be the conditional distribution of X given that X is at
least one. There are (at least) two ways to solve this problem. The first way is to begin with the
probability function for Y and observe that starting the sums at zero adds nothing because that
term is zero. Then note that the sums are the first and second moments of a regular Poisson
distribution.

p(y)=P[Y =y]=P[X =y| X >0]=

P[X=y] 3e?®/y!
P[X >0] 1-e* '

1 g e’ 1 - Fe® 3
E(Y):l_efszyzly y! :1_e*3ZY:°y y! :1—873

y=12,...

;36 1 e ,3e? 343
_ Sy _

1 o
E(YY)=—"
) 1—e“°‘z>’:1y yl  1-¢3 yl  1-¢7

12 3 Y
Var(Y) = — = 2.66009.
=1 (1—e3j
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The second way is to use formulas about conditional expectation based on the law of total
probability.
E(X)=E(X|X =0)P[X =0]+E(X | X >0)P[X >0]

3=0(?)+E(X | X >0)1—e7)
3 _31572

-3

E(X]X >0)=

E(X?) =E(X?| X =0)P[X =0]+E(X?| X >0)P[X >0]
3+3=0(°)+E(X?*| X >0)(1-e?)

12_3 =12.6287
1-e

Var(X)=12.6287 —3.1572° = 2.6608.

E(X?|X >0)=

229. Solution: C

Let X represent individual expense. Then,

0, 200 < X <400
Y =< X —400, 400< X <900 and the density function of X is f(x)=0.001, 200 < x <1200.
500, 900 < X <1200

E(Y) = [ 000.00Ddx+ [ (x—400)(0.000)dx + [ 500(0.001)d
( )_Izoo ( ) ) X+."400 (X_ )( ) ) X+J900 ( ’ ) X
900

+500(0.001)(1200 —900) = 0+125+150 = 275

400

2
- ow.omﬂ

E(Y2) = ["702(0.00D)dx+ [ (x—400)2(0.00D)dx+ [ 5002(0.001)d
( )_Loo (0.001) X+Loo(x_ )"(0.001) X+J-900 (0.001)dx
900

+5007(0.001)(1200—900) = 0+ 41,666.67 + 75,000 = 116,666.67

400

Var(Y) =116,666.67 — 275% = 41,041.67.

_ 3
=0+ 0.001w
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230. Solution: D

Let X represent the loss.

The variance for a uniform distribution is the square of the interval length, divided by 12. Thus,
2

Var (X):E_Z'

Let C represent the claim payment from the loss. Then C =0 for X <b/2 and C = X - b/2,
otherwise. Then,

E(C)=[ 0@ b)dx+ | (x-b/2)(L/b)dx=0+(x-b/2)/(2b)[ =(b/2)"/(20)=b/8
E(C?) =, 0*(Wb)dx+ [ (x-b/2)*(W/b)dx=0+(x~b/2)*/ (30)]  =(b/2)"/(30)=b* /24

Var(C)=b?/24—(b/8)* =5b* /192.
The ratio is [5b® /192]/[b*/12] =60/192 =5/16.

231. Solution: A
Let X be the profit random variable. Then, 0.05=P(X <0)=P(Z <—u/o) and from the table,

32 _

—ul o =-1.645. From the problem, o = 11*. Therefore, —1.645=—u/ 1 = - and
1 =1/1.645° =0.37. in billions, or 370 million.

232. Solution: A

E[(X —1)?]=E[X?]-2E[X]+1=47 so E[X]=(61+1-47)/2=7.5. The standard deviation is
JE[X?]-E[XT? =+61-7.5? =2.18.
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233. Solution: D

Let D be the number of diamonds selected and S be the number of spades. First obtain the
hypergeometric probability S = 0:

ol
ps_o_0N2) 10y 7

10l 45 15
2

The required probability distribution is:

3
P(D=0,5=0) _ 1 U[OJU _151(1)(0) _ 10

P(D=015=0)= P(S=0)  7/15 {10] 7 45 21
o)
F,(D_1|S_0)_P(D=1,S=0)_ 1 0)l1 152(1)(5) 10
T T ps=0)  7/15 (10 1
2
2\(3
P(D_2|S_O)_P(D:2,S:O)_ 1 [zj(oju _1510@) _ 1
ST p(s=0) 7/15 [10] 7 45 21
2
Then,

E(D|S =0)=0(10/21)+1(10/21) +2(1/ 21) =12/ 21=4/7
E(D?|S =0)=0%(10/21) +12(10/ 21) + 2(L/ 21) =14/ 21=2/3
Var(D|S =0)=2/3—(4/7)2 =50/147 = 0.34,

234. - 236. DELETED

237. Solution: A

To be delayed over three minutes, either the car or the bus must arrive between 7:20 and 7:22.
The probability for each is 2/15. The probability they both arrive in that interval is (2/15)(2/15).
Thus, the probability of at least one being delayed is 2/15 + 2/15 — (2/15)(2/15) = 56/225 = 0.25.
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238. Solution: C

The probability that a skateboarder makes no more than two attempts is the probability of being
injured on the first or second attempt, which is p+(1- p)p=2p- p> Then,

0.0441=F(2,2)=(2p— p*)*
0.21=2p-p°
p’-2p+1=0.79
(p—1)2=0.79
p—1=+0.88882

p=0.11118.

The probability that a skateboarder makes no more than one attempt is p while the probability of
making no more than five attempts is the complement of having no injuries on the first five
attempts. Hence,

F(L5) = p[l- (1— p)°] = 0.0495.

239. Solution: B

P(X =3Y =3)) = F(3,3)- F(2,3) - F(3,2) + F(2,2) = 0.9360 — 0.8736 — 0.9300 + 0.8680 = 0.0004
240. Solution: D

Let X denote the number of deaths next year, and S denote life insurance payments next year.
Then S = 50,000X, where X ~ Bin(1000, 0.014). Therefore,
E(S) = E(50,000X) =50,000(1000)(0.014) = 700,000

Var(S) =Var(50,000X ) = 50,0002 (1000)(0.014)(0.986) = 34,510,000, 000

StdDev(S) =185, 769.
The 99th percentile is 700,000+185,769(2.326)= 1,132,099, which rounds to 1,150,000.

241. Solution: E

Let X, be the random change in month k. Then E(X,) =(0.5)(1.1) +0.5(-0.9) =0.1 and
Var(X,) = 0.5(L.1)? +0.5(-0.9)* —(0.1)* =1. Let S=>"" X, . Then, E(S) = 100(0.1) = 10 and
Var(S) = 100(1) = 100. Finally,

P(100+S >91)=P(S >-9) = P(Z S0 10, —1.9} =0.9713.

V100
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242. Solution: E

X has an exponential distribution with mean 8 and variance 64. The second moment is 128. The
mean and second moment of Z are both 0.45. Then (using the independence of X and Z),
E(ZX) = E(Z)E(X) =0.45(8)

E[(ZX)?]= E(Z?)E(X?2) = 0.45(128) = 57.6
Var(ZX) =57.6-3.6% = 44.64.

243. Solution: B

Each (x,y) pair has probability 1/25. There are only three possible benefit amounts:
0: Occurs only for the pair (0.0) and so the probability is 1/25.

50: Ocecurs for the three pairs (0,1), (1,0), and (1,1) and so the probability is 3/25.
100: Occurs in all remaining cases and so the probability is 21/25.

The expected value is 0(1/25) + 50(3/25) + 100(21/25) = 2250/25 = 90.

244. Solution: B

The marginal distribution for the probability of a given number of hospitalizations can be
calculated by adding the columns. Then p(0) = 0.915, p(1) = 0.072, p(2) = 0.012, and p(3) =
0.001. The expected value is 0.915(0) + 0.072(1) + 0.012(2) + 0.001(3) = 0.099.

245. Solution: E

Let S be the speed and X be the loss. Given S, X has an exponential distribution with mean 3X.
Then, noting that the variance of an exponential random variable is the square of the mean, the
variance of a uniform random variable is the square of the range divided by 12, and for any
random variable the second moment is the variance plus the square of the mean:
Var(X)=Var[E(X | S)]+ E[Var(X |S)

=Var[3S]+ E(95?)
— 9(20—5) /12 +9[(20—~5)? /12 +12.5%]
=1743.75.
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246. Solution: C

The four possible outcomes for which X +Y = 3 are given below, with their probabilities.
3,23
(0,3):e* 23e” 2.0278¢™*

-1.7 2 2.3
L2): 17 28 4 Agpset
1 21
2 1.7 -2.3
(21): 2782387 599504
21 1

1l73e—1.7
|

(3,0): e>*=0.8188¢e".

The conditional probabilities are found by dividing the above probabilities by their sum. They
are, 0.1901, 0.4215, 0.3116, 0.0768, respectively. These apply to the X — Y values of -3, -1, 1,
and 3. The mean is —=3(0.1901) —1(0.4215) + 1(0.3116) + 3(0.0768) = —0.4498. The second
moment is 9(0.1901) + 1(0.4215) + 1(0.3116) + 9(0.0768) = 3.1352. The variance is 2.9329.

247. Solution: A

The marginal distribution of X has probability 1/5+aat0,2a+bat 1, and 1/5+ b at 2. Due to
symmetry, the mean is 1 and so the variance is (0-1)*(L/5+a)+(1-0)*(1/5+a)=2/5+2a

which is minimized at a = 0. The marginal distribution of Y is the same as that of X and thus has
the same variance, 2/5 + 0 = 2/5.

248. Solution: C

Cov(X,Y)=E(XY)-E(X)E(Y)=E(X*)-E(X)E(X?)
E(X)=E(X®)=(1/3)(-1+0+1)=0
E(X?)=(@1/3)(1+0+1)=2/3
Cov(X,Y)=0-0(2/3)=0.

They are dependent, because

Pr(X =0,Y =0)=Pr(X =0,X*=0)=Pr(X =0)=1/3
Pr(X =0)Pr(Y =0)=(1/3)(1/3)=1/9=1/3.

249. Solution: B

Let X and Y be the two independent losses and Z = min(X,Y). Then,
Pr(Z>2)=Pr(X >zandY >z)=Pr(X >z)Pr(Y >z)=e e’ =™

F,(z2)=Pr(Z<z)=1-Pr(Z >z)=1-¢7,
which can be recognized as an exponential distribution with mean 1/2.
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250. Solution: B

Let X and Y be the miles driven by the two cars. The total cost, is then C = 3(X/15 + Y/30) =
0.2X + 0.1Y. C has a normal distribution with mean 0.2(25) + 0.1(25) = 7.5 and variance 0.04(9)

+0.01(9) =0.45. Then, Pr(C <7)=Pr(Z <(7-7.5)/+0.45 =-0.7454) = 0.23.
251. Solution: B

Let X denote the first estimate and Y the second. Then, Pr(X >1.2Y)=Pr(X -1.2Y >0). W=X
—1.2Y has a normal distribution with mean 1(10b) — 1.2(10b) = —2b and variance

1°b? +1.2°b* = 2.44b*. Then, Pr(W >0)=Pr(Z > (0+ 2b)/\/2.44b2 =1.280) = 0.100.
252. Solution: C

Let u be the common mean. Then the standard deviations of X and Y are 3 and 4u
respectively. The mean and variance of (X + Y)/2 are then (u+ u)/2 = u and

JBu 14,

7,

[(31)* + (4u)*]1/ 4 = 2547 | 4 respectively. The coefficient of variation is

253. Solution: D

Var(Z) = Var(3X + 2Y - 5) = 9Var(X) + 4Var(Y) = 9(3) + 4(4) = 43.

254. Solution: E

The mean is the weighted average of the three means: 0.1(20) + 0.3(15) + 0.6(10) = 12.5. The
second moment is the weighted average of the three second moments (each of which is the
square of the mean plus the mean, for a Poisson distribution): 0.1(420) + 0.3(240) + 0.6(110) =
180. The variance is the second moment minus the square of the mean, which is 23.75.

255. Solution: B

Let F be the number of fillings and R be the number of root canals. The total claim for a given
policyholder, C, in a year is C = 50F + 0.7(500R) = 50F + 350R.

We have E(F) = 0.6(0) + 0.2(1) + 0.15(2) + 0.05(3) = 0.65 and E(R) = 0.8(0) + 0.2(1) = 0.2.
Then, E(C) = 50(0.65) + 350(0.2) = 102.50.
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256. Solution: B

Due to the memoryless property of the exponential distribution, the distribution of the
reimbursement given that there is a payment is exponential with the same parameter. Thus

0.5 = F(6000) =1—e % which implies that 1 =8656.17 . The solution is
= (9000) -F (3000) — (1_ e—9000/8656.17 ) _ (1_ e—3000/8656.17 ) — 035

257. Solution: E

Using the formulas for the variance and mean of the uniform distribution:
(100-a)? +(100+ aT ~100% —200a +a* +3(100)° + 600a + 3a°
12 2 12

40,000+ 400a + 4a* 19,600

- 12 03
0 = 40,000 — 78,400 + 400a + 4a*
0=a”+100a-9,600
0=(a-60)(a+160)

a==60
Then, Y is uniform on the interval 1.25(60) = 75 to 100. The 80" percentile is 75 + 0.8(25) = 95.

E(X?)=Var(X)+E(X)*=

258. Solution: C

Using a Venn Diagram (calling the risk factors A, B, C) we get 400 + 300 + X + Y = 1000 (circle
A), 400 + 300 + X + Z = 1000 (circle B), 400 + 300 + Y + Z= 1000 (circle C). Using the first 2
equations we get Y = Z, and using the second 2 equations we get X =Y. Thus X =Y =Z =150,
and so the total number of participants is 3(400) + 3(150) + 300 + 500 = 2450.

Page 74 of 213



259. Solution: C

Consider the following events about a randomly selected auto insurance customer:

A = customer insures more than one car

B = customer insures a sports car

We want to find the probability of the complement of A intersecting the complement of B

(exactly one car, non-sports). We have P(A° "B®)=1-P(AUB).

By the Additive Law, P(AUB) = P(A)+P(B)—P(ANB).
P(AUB)=P(A)+P(B)-P(ANB).

By the Multiplicative Law, P(AnB) = P(B| A)P(A) = 0.15(0.64) =0.096 .
Then, P(AUB)=0.64+0.20-0.096 =0.744 .

Finally, P(A° N B®) =1-0.744=0.256.

260. Solution: E

The number of applicants with diabetes has a binomial distribution and thus

5 (200
P(X <5)= Z( j(0.01)x(o.99)2°“ =0.134+0.271+0.272+0.181+0.090+ 0.036 = 0.984 .
X
x=0

A faster solution is to use the Poisson distribution with 4 —200(0.01) = 2 as an approximation.

5 A—20X
Then, P(X SS):Ze 2 :e‘2(1+g+£+§+g+£j:0.983.
L 11 2 6 24 120

261. Solution: C

The number of sales has a binomial distribution with n =5 and p = 0.2. Then,
5 5
P(X 22)=1-P(X <1) =1—(0](0.2)°(0.8)5 —(J(0.2)1(0.8)4 =1-0.328-0.410=0.262.

262. Solution: C

The number of defective computers has a binomial distribution with n = 100 and p unknown. We
have
P(X =3)=2P(X =2)

100Y , o (100) 5 g
- =Y )

161,700 p = 2(4,950)(1— p)
171,600 p = 9,900
p=9,900/171,600 = 0.058
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263. Solution: B

P(fire damage and no theft) =0.2(1 - 0.3) = 0.14
P(no fire damage and theft) = (1 - 0.2)(0.3) = 0.24
P(exactly one) = 0.14 + 0.24 =0.38

264. Solution: C

Let C be the event that the employee contributes to a supplemental retirement plan and let F be

the event that the employee is female. Then, by Bayes’ Theorem,

P(F|C) = P(C|F)P(F) 3 0.2(0.45) 3
P(C|F)P(F)+P(C|F®)P(F°) 0.2(0.45)+0.3(0.55)

265. Solution: D

Let C be the event that no claim is filed and X be the event that the policyholder is from territory
X. Then, by Bayes’ Theorem,
P(X |C)= P(C| X)P(X) _ 0.15P(X)
P(C|X)P(X)+P(C|X®)P(X®) 0.15P(X)+0.4[1-P(X)]’
From the law of total probability,

0.2=P(C)=P(C| X)P(X)+P(C)[1-P(X)]

=0.15P(X)+0.4[1- P(X)]
0.4-0.2=P(X)[0.4-0.15]
P(X)=0.2/0.25=0.8.
Then,

P(X|C)=

0.13(0.8) .

266. Solution: C

The probability that a single claim is less than 25 is
P(X <25)= [ "10x dx=3/5.

The probability that all three claims are less than 25 is (3/5)° = 27 /125.
267. Solution: D

The distribution function of an exponential distribution with mean 0.5 is F(x) =1—e 2.
Pr(X >0.7) e
Pr(X >04) g%
using the memoryless property: Pr(X >0.7| X >0.4) = Pr(X > 0.3) =e ¢ = 0.549.

Pr(X >0.7| X >0.4) = =e™%6 =0.549. This can be more efficiently solved
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268. Solution: D

Let X be the number of years in which a payment of 20 is received. X has a binomial distribution
withn=5and p = 0.5. Let p(x) be the probability of x payments. The expected payment is

0p(0)+20p(1)+40p(2)+60[1- p(0) — p(D) — p(2)]
= 0(L/32) +20(5/32) + 40(10/ 32) + 60(16 / 32) = 45.625.

269. Solution: E

The mean of the sum is 10 + 12 = 22. The standard deviation of the sum is V3 + 4% =5. The
probability the sum is less than 29 is the probability a standard normal random variable is less

than (29 — 22)/5 = 1.4, which is 0.9192.
270. Solution: C

The variance of the total is the sum of the variances: 1 + 1 + 2.25 + 4 = 8.25. The standard
deviation is the square root, 2.87.

271. Deleted

272 Deleted

273. Deleted

274. Solution: D

Consider the following events about a randomly selected auto insurance customer:

A = customer insures more than one car

B = customer insures a sports car

We want to find the probability of the complement of A intersecting the complement of B

(exactly one car, non-sports).
Then,

P(A° NB°)=1-P(AUB)
=1-[P(A)+P(B)-P(ANB)
P(ANB)=P(B| A)P(A) =0.2(0.62) = 0.124
P(A° NB®) =1-[0.62+0.15—0.124] = 0.354.

275. Deleted
276. Deleted
277. Deleted

278. Deleted
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279. Deleted
280. Deleted
281. Deleted
282. Deleted
283. Deleted

284. Solution: D

X follows an exponential distribution with mean 20+/5 and variance (20\/5)2 =2000. Then,
Cov[X, Y]=/Var[X],/Var[Y] Corr[X, Y]=+/20004/12,500 (0.2) =1000.

It follows that
Var[ X +Y]=Var[ X ]+Var[Y ]+ 2Cov[ X, Y]=2000+12,500+2(1000) = 16,500 .

285. Solution: D

Let X be the number of appraisals below 6. X is binomial with n=4, p =0.75.
We need exactly 1, 2 or 3 successes for the event L < # < H to occur. The probability is
P(X =1)+P(X =2)+P(X =3) =

4 4 4
(1](0.75)1(0.25)3 +(2](0.75)2(0.25)2 +(?J(0.75)3(0.25)1 =0.0469 + 0.2109 + 0.4219 =
0.6797.

286. Solution: E

If the first loss is X, then P(X > x) =e™; the probability that the second loss is more than twice
X, would be P(X >2x) =e ?*. . Thus, the probability that the second loss is more than twice the

first loss is Ie’zxe’xdx =+ due to independence. By symmetry, the probability that the first loss
0

is more than twice the second loss is also 1/3. Thus, the answer is 2/3.
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287. Deleted
288. Solution: D

Let WP denote the event “Woman is Pregnant”, WNP the event “Woman is Not Pregnant”, and
TP the event “Test Shows Pregnancy”. Using Bayes Theorem:

_ P(TP |WP)*P(WP)
~ P(TP|WP)*P(WP) + P(TP |[WNP)*P(WNP)
~ (1-0.1)(0.2) 018
~ (1-0.1)(0.2)+(0.2)(1-0.2) 0.34

PWP|TP)

=0.5294

289. Solution: A
The probability function of Y, the amount paid in thousands, is

0.72 y=0

0.14 y=200

P =10.06 y = 400

0.08 y =500

E(Y) = 200 * 0.14 + 400 * 0.06 + 500 * 0.08 = 28 + 24 + 40 = 92
E(Y2) = 200%* 0.14 + 4002 * 0.06 + 5002 * 0.08 = 35200

Var(Y) = E(Y?) - (E(Y))? = 35200 — 922 = 26736
SD(Y)=26,736°5 = 163.5115

290. Solution: B

0.5 =0
Px) = {0.5 =2
E(X)=1
Var(X) =1
By the Central Limit Theorem: E(S) =100, Var(S)=100.

115-100

1100

P[S >115] = P{Z > }: P[Z >1.5]=0.0668.
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291. Solution: C

E(X) = 0.25%1 + 0.375*1 = 0.625

E(Y) = 0.125*1 + 0.375 = 0.500
E(XY)=P[X=1,Y=1]=0.375

Var(X) = 0.625 — 0.6252 = 0.234

Var(Y) = 0.5-0.52 = 0.25

Cov(X,Y)=E(XY)-E(X)E(Y) = 0.375 — 0.625*0.500 = 0.0625
Corr(X,Y) = 0.0625/(0.234*0.25)42 = 0.258

292. Solution: B

6/21 y=0
5/21 y=1
4121 y=2
P(y) = 3/21 y=3
2/21 y=4
1/21 y=5

E(Y) = 0%6/21 + 1*5/21 + 2*4/21 + 3*3/21 + 4*2/21 + 5*1/21 = 1.67
E(Y2) = 0%6/21 + 1*5/21 + 4*4/21 + 9%3/21 + 16*2/21 + 25*1/21 =5
Var(Y) =5-(1.67)>=2.22

293. Solution: D

Let W=X+Y. Then W has the probability function:

W p(w)
0 0.9729
40 0.02
80 0.002
200 0.004
240  0.001
400  0.0001
For instance, the event {W = 200} is the union of the events {X = 200, Y = 0} and
{X=0,Y =200}

It follows that E(W) = 2.04, E(W?) = 278.4, and Var (W) = 274.24. Taking the square root gives
the standard deviation of 16.56.
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294. Solution: B

E [X] = (0.3) (0.18) + (0.50) (0.08) + (0.20) (~0.13) = 0.068
E [Y] = (0.3) (0.15) + (0.50) (0.08) + 0(.20) (~0.06) = 0.068

V [X] = 0.3 (0.18 — 0.068) + .5 (0.08 — 0.068)2 + 0.2 (~0.13 — 0.068)2 = .01168
V [Y] = 0.3 (0.15 — 0.068)2 + .5 (0.07 — 0.068)? + 0.2 (~0.06 — 0.068)? = .00529

So X has a larger variance, but the means are equal.
295. Solution: D

Using the independence of the purchases P(exactly 3 customers purchase)
=3(0.5)? (0.5)(0.1) + (0.5)% (0.9) = 0.15, and P(4 purchases = (0.5)* (0.1) = 0.0125.
So P(at most 2) =1 — P(3) — P(4) = 0.1625 = 0.8375.

296. Solution: A

Let x be the number of policies on male nonsmokers, and let y be the number of policies on
female smokers (to be determined). Then, by condition (ii), the number of policies on female
nonsmokers is 100 + X, so that the total number of policies on females is 100 + x +y. Next, by
condition (iii), the number of policies on male smokers is 350 —y, so that the number of policies
on males is 350 —y + X. Now, by condition (i), we have

350 —y +x =150+ (100 + x + ).
After simplification, we obtain: 100 = 2y, which produces y = 50, the number of female smokers.
297. Solution: C

Let the random variable X be the future lifetime of a machine part. We know that the density of
X has the form f (x) = C(10 + x) for 0 < x < 40 (and it is equal to zero otherwise). First,
determine the proportionality constant C from the condition Ig° f (x)dx=1:

I _ a1 40_£
1_j0 f(dx=-C0+x) [ =-C

so that C = 25/2 = 12.5. Then,
P(X <5) = j0512.5(10+ X)2dx=—-12.5(10+x)™" [} = —0.8333+1.25 = 0.4167.
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298. Solution: A

E(X) = 0(0.5) + 1(0.2) + 2(0.3) = 0.8
E(X2) = 02(0.5) + 12(0.2) + 2%(0.3) = 1.4,
Var(X) = E(X?) - (E(X))? = 1.4 — (0.8)2 = 0.76

The premium on a policy is 125% of 0.8, which is 1. The total premium on 76 policies is thus
76. Let Y be the total claim on 76 policies. By the Central Limit Theorem Y has approximately a
normal distribution with mean (76)(0.8) = 60.8 and variance 76(0.76) = 57.76. Consequently,

P(Y>76)~P(Z> P[Y >76]= P(Z > 76-608 _ 2), where Z is the standard normal random

\/57.76

variable. The answeris 1 — @ (2) =0.0228.

299. Solution: C

e )0
For Group A: P[X =0]=0.70=

= 4, =0.3567

e )0
o!
~Jc 40

° of = ). =0.6931

Then, 20,000x 0.3567 + 45,000 x 0.1654 +35,000x0.6931= 36,136

For Group B: P[X =0]=0.90=

= Ag =0.1054

For Group C: P[X =0]=0.50=

300. Solution: E

—-0.288 0
P(0 claims) =% ~0.750

e’°'2880.2-88l
11

P(1claim)= =0.216

For three years the probability of 0 or 1 claim is

P(0 in 3 years)+P(1 in 3 years) =(0.75)" +(;)(0.75)" (0.216) = 0.79.

Alternatively, the number of claims in three years has a Poisson distribution with mean 3(0.288)

= 0. 864. The probability of 0 or 1 claims is

e %0.864° N e %0.864"
0! 1

=0.79.

301. Solution: E

Var(Total) = Var(Fire) + Var(Theft) + 2Cov(Fire, Theft) =5 + 8 + 2(3) = 109.
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302. Solution: A

Let X,, X,, X; denote the number of accidents in days 1, 2, and 3, respectively.
Then, each has Poisson distribution with mean 4. Since the X;s are assumed to be independent,
X =X, + X, + X, has a Poisson distribution with mean 3(4) = 12. Then,
e ?12° 12
+
0! 1!

=13e7%,

P[X <2]:P[X :O]+P[X :1]:

303. Solution: C

11 1

—+===,
8 8 4

For the first success to be on the third experiment we need two failures followed by one success.
The probability is (3/4)(3/4)(1/4) = 9/64 = 0.141.

The probability of successis p=P(HHH)+P(TTT) =

304. Solution: E
P[At least one Company P truck]:
P[P and (Q or R)]+P[(R or Q) and P]+P[P and P]
A1)

9)\8 9)\8
Alternatively, take the complement of having no Company P trucks:
1-(5/9)(4/8) =0.72.

305. Solution: B

e330 33t

+ =4 =0.199
0! 1

P (Less than 2 Errors) =

50-45

P(Time <50) = P[Z < j: P(Z <0.5)=0.6915

Due to independence of errors and time, the probability is
0.199*0.6915 = 0.1376.
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306. Solution: C

H: Home Renter
A: Apartment Renter

Let T be time from purchase to cancellation. We are looking for P[H]T >1].

1 1
Now P(T >1|H):Lw%e_4tdt:e”4 and P(T >1|A)=j:°%e‘2tdt=ew..

P(H)P(T>1]H)

Using Bayes’ Theorem, P(H [T >1)= P{A)P(T > 1A+ P(H)P(T > 1)

—0.25
- 4o T _oue12

0.6e7%° +0.4e7®

307. Solution: B

Let S, =in and S_z%, where the X, are the yearly benefit amounts. Then,
i=1

_S,—2475n S -2475 .

Z= = is N(0,1) because the sum of independent normal variables is also
250dn  250/+/n o.1) P
normal. Then,
P(S_£2500)= p| 7 . 2200-2475 ) P(z <0.1\M)=0.99
250//n

( So, 0.13/n = 2.32634
n=>541.19, so use n=542.
The solution must be rounded up to 542 or the probability will be slightly less than 0.99.

308. Solution: D

Let Y be the amount paid out. The amount is O if the policyholder lives less than 1 year or more
than 5 years. The amount is 1000 otherwise. Then,

057, y=0
IC’(3/)_{0.43, y =1000

E(Y)=0(0.57)+1000(0.43) = 430
E(Y?)=07(0.57)+1000% (0.43) = 430,000
Var (Y ) = 430,000 - 430° = 245,100

SD(Y) = 495.
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309. Solution: E

The solution uses Bayes’ Theorem.
Denote the event of Zone A by A, etc.
Denote the event of a fire occurring by F.

P(F)=P(F|A)P(A)+P(F|B)P(B)+P(F|C)P(C)
=0.015*0.4+0.011*0.35+0.008*0.25
=0.01185.

Then P(A|F)=P(F|A)*P(A)/P(F)

=0.015*0.4/0.01185 = 0.5063.

310. Solution: D

Under plan 1 the expected payment is

4 10

3 2
F>1:J.4x.idx+.'-lo4.idx=x_ +4L
o 50 4 50 150|, 100|,
_ 64 +[4OO_64}:1136:3.786667
150 100 300
Under plan 2,
4 X 10 X
P,=| 0-—dx+| (x—4)-—dx
2 .[0 50 .[4( )50
4 50 50 150 25|, 150 150 25
_8,32 432,40
3 150 150

So B, —P, =3.78666 — 2.88 = 0.906667 .
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311. Solution: C

Let Z =X -Y. The probabilities for Z are:
p(0) =2/31 (whenx=1andy=1, thatis (1,1))
p(1) = 6/31 (for (1,0) and (2,1))
p(2) = 14/31 (for (2,0) and (3,1))
p(3) = 9/31 (for (3,0))
Then.
61

E(Z)= %[2(0) +6(1) +14(2) +9(3) | = 31’

E(Z%) :%[2(02)+6(12)+14(22)+9(32)] :%f’ and

2
and so Var(Z) :@—(ﬁ) - 4433‘23721 _ 12 _ 67409,
31 (31 31 961

312. Solution: D

M = medical, P = property

P[M]=0.30,P[P]=0.42,P[M U P]=0.60
Therefore, PIM N P]=0.12 (0.30+0.42-0.60=0.12)
P[Exactly 1] 0.48
P[Not Both]  0.88

P[Exactly 1 | Not Both]= = 0.54545.

313. Solution: B

P[Reports Property Claim in Year 9]=1.25% * P[Reports Property Claim in Year 1]
P[Reports Liability Claim in Year 9]=0.75% * P[Reports Liability Claim in Year 1]

0.01 *(1.25)8x (0.75) 8 = 0.005967

314. Solution: B

Define: N = # of claims reported in a year by a policyholder
F = event of a first-year policyholder
-0.5 0
P[N>1|F]=1-P[N < 1|F]=1-P[N =0|F |=1-° 05 _ 039347
-0.2 0
P[N>1|FC]=1-P[N < 1|F®]-1-P[N =0|F®] = 1- & 92 _ 018127

PI[N >1| F]P[F]

PR IN =11 = PN =)= S FIPLF T+ PIN 21| FETPLFC]

_ (0.39347)(0.15) 027696
(0.39347)(0.15) +(0.18127)(0.85)
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315. Solution: B

P[min(Y,,Y,) >e'°1=P[Y, > €",Y, > e'°]1= P[Y, > "°]P[Y, > €"°] due to independence.

P[Y, > e*°]P[Y, > €"] = P[X, >16]P[X, >16] = P{Z >%} P[Z >16%15}
=P[Z > 0]P[Z > 0.5] =0.5(1-0.6916) = 0.15425. |

316. Solution: C

P(A)+P(B)+P(C) =1
5P(C)+4P(C)+P(C) =1

P(C)=0.1
P(B)=0.4
P(A)=05
| P(CNOClaims) P(0 Claims|C)-P(C)
P(Clo Claims) = P(0Cliaims)  P(0 Claims|A)-P(A)+P(0 Claims|B)-P(B)~+P(0 Claims|C)-P(C)
_ (0.4)(0.1) 0.04 0.235

(0.1)(0.5)+(0.2)(0.4)+(0.4)(0.1)  0.05+0.08+0.04 _

317. Solution: B
Let Y be the random variable for the benefit.

0.01, y = 25,000
0.99(0.01), y=20,000
0.99°(0.01), y=15,000
0.99°(0.01), y=10,000
0.99*(0.01), y=5,000
1—above, y=0

p(y) =

E[Y]=25000(0.01)+20000(0.99)(0.01) +15000(0.99)* (0.01) +10000(0.99)° (0.01) + 5000(0.99)" (0.02)
— 740
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318. Solution: C

Let WP = Woman Pregnant
WNP = Woman Not Pregnant
TP = Test Shows Pregnancy (Positive)

Using Bayes Theorem:
P(TP |WP)P(WP)
P(TP |WP)P(WP)+ P(TP |WNP)P(WNP)

B (0.90)(0.30) 027 027
~(0.90)(0.30)+(0.20)(0.70)  0.27+0.14 0.41

P(WP|TP)=

=0.6585

319. Solution: C

P (exactly 3) = (3)(0.70) (0.30)(0.20) +(0.70)" (0.80)
=0.0882+0.2744 = 0.3626

P (exactly 4)=(0.70)’(0.20) = 0.0686

P (at most 2) =1-0.3626 —0.0686 = 0.5688

320. Solution: A

Mean of sum =100(1000) =100, 000

Standard deviation of sum = 1/100(400)2 = 4,000

92,000-100,000
4000

P(X <92,000):P(Z< j=P(Z <-2)=0.0228

321. Solution: A

Let X be the number of non-defective items in a randomly chosen box of 50 items.
Then X —Binomial(50, 1- p) and P(at least t”non-defective items in the box of 50 items)

50
=P(X2t')= Z(fo)(l— p) (p)”" and we want this probability to be at

t=t
least 0.95= A is correct.
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322. Solution: E

X has a negative binomial probability distribution, where r=3 and p =%. The probability

)
&)

-1 _
functionis: p(x) ZL: J p"q¥™". The variance for this is Var(X) = rd Zp)

323. Solution: C

(0.45)(0.55)(0.60)(0.40)+(0.55)(0.55)(0.60)(0.60)

+(0.45)(0.45)(0.60)(0.60) +(0.45)(0.55)(0.40)(0.60) = 0.3006
P (4 products) = (0.45)(0.55)(0.60)(0.60) = 0.0891
P(3 or 4) = 0.3006 +0.0891 = 0.3897

P (3 products)

324. Solution: B

The total number of accidents has mean 1600(4) = 6400 and variance 1600(4) = 6400. Using the
Central Limit Theorem,

1600 —
P(Z X; > 6496) ~ P(Z > W] =P(Z2>12)=1-0.8849=0.1151 .

i=1
325. Solution: A

Let H—health
L —life
R —retirement
=(HNL) b=(HNR) c=(LNR)

a+b=0.625

a+c=0.375

b+c=0.500
(b+c)+(a+c)—(a+b)=2c=0.500+0.375-0.625=0.25
c=0.125
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326. Solution: B

This is an exponential distribution with mean 20 and standard deviation 20. So, we want:

30 1 1y S
I —e P dx=e
10 20

30

=—e "+ =0.3834

10

327. Solution: C

Average of 100 claims is normal with mean 2500 and standard deviation 500/ +/100 =50.
P(X <K)=0.99
P (z < K_—%OOJ =0.99
50
K —2500

50
K =2616

=2.32635

328. Solution: B
Var[1.03X + 2.5] = (1.03)?Var[X] = (1.03) %(50) = 53.045
329. Solution: C

L: left-handed child

OLP: no left-handed parents
1LP: one left-handed parent
2LP: two left-handed parents

P(L|2LP)=1/2
P(L|1LP)=1/6
P(L|OLP)=1/16
P(2LP) =1/50
PLP)=1/5
P(OLP) =1-1/50—1/5=39/50
P(L |OLP)P(OLP)
P(L[OLP)P(OLP)+ P(L |1LP)P(ILP) + P(L|2LP)P(2LP)
_ (1/16)(39/50) _ 3(39) _ur_,
(1/16)(39/50) + (L/6)(1/5) + (1/ 2)(L/50) 3(39)+8(10)+(24)1) 221

P(OLP|L) =

529
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330. Solution: E
Var(z) = Var(4X -Y -3)= (#*ar(X) + (-1)*var(Y) = (16)(2) + 3 = 35
331. Solution: A

Let H = health insurance; D =disability income insurance
Then P(H):i; P(D) = Y. P(H and not D):i
100 100 100

Let P(H and D) = -
100
Since, P(H) = P(H and not D) + P(H and D),
X=2z+Kk
=>k=x-2

Since P(D) = P(D and not H) + P(D and H),
P(D and not H) = P(D) — P(D and H)

P(Dand not Hy = Y — k _y-(x-2) _y-x+z
100 100 100 100

332. Solution: B

The first die can be any number, so 6 possibilities. If the second die matches (1 possibility) then
the third die must not match (5 possibilities). Hence this outcome can occur 6(1)(5) = 30 ways. A
second outcome is the second die does not match (5 possibilities), in which case the third die
must match one of the first two (2 possibilities), for an additional 60 ways. The desired
probability is then 90/216 = 0.417.

333. Solution:D

Hypergeometric:

(mj(?]

SN\3 _P =0.33937
17 221
6
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334. Solution: A

P(M) = 0.6

P(F) = 0.4

P(S|M) = 0.20

P(F|S) = 0.20

p(F 15~ PEIDPE)

(S|F)P(F)+P(S|M)P(M)
oo POIFOA _ poipy_ 0202008 0
P(S | F)(0.4) +0.2(0.6) 0.4-0.2(0.4)

335. Solution: E

Hypergeometric:

HHEH P
B

336. Solution: C

Let d be the deductible. Assume d < 100 because the expected claim needs to be positive.

The claim is 0 with probability d/100 (i.e. when the loss does not exceed d), and uniformly
distributed over [0, 100 - d] with probability (100 - d)/100 (i.e. when the loss exceeds d).

Note that the probability that a uniformly distributed random variable is in an interval is
proportional to the length of the interval; the expected value is halfway between the minimum
and maximum possible values of the uniformly distributed random variable.

0+(100-d)_100-d d
(100-9),, 20029y jo= 9

32 = E[Claim] =]
2 100 100

Solving for d gives d = 20 or d = 180; disregard d = 180 > 100.
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337. Solution:D

Let Y represent the loss and X represent the claim. Note that X = 0 if Y < 3; otherwise,
X=Y-3.

E[X]=P(Y <3)E[X|Y <3)+P(Y >3)E[X |Y >3)
=P(Y <3)(0)+ P(Y >3)E[Y -3|Y >3]
_y
Qa 10
=0+ J.el—ody* E[Y] since exponentials are memoryless.
3

3
=10e 10,

338. Solution: B

R =# of root canals, F = # of fillings, p(r,f)=P(R=r, F=f)

P(R=r|Fisat most 1)

=P(R=r|F=0o0r1l)

=P(R=rANDF=0o0r1)/P(F=0o0r1l)

= [p(r, 0) + p(r, 1)1 /[p(0, 0) + p(0, 1) + p(1, 0) + p(1, 1) + p(2, 0) + p(2, 1)]
PR=0|F=0o0r1)=(0.40+0.26)/(0.40 + 0.26 + 0.04 + 0.03 + 0.01 + 0.01) = 22/25
PR=1|F=0o0r1)=(0.04+0.03)/(0.40 + 0.26 + 0.04 + 0.03 + 0.01 + 0.01) = 7/75
PR=2|F=00r1)=(0.01+0.01)/(0.40 + 0.26 + 0.04 + 0.03 + 0.01 + 0.01) = 2/75

E[R(F <1]=1]  |+2[ 2 =1L _ 014667 .
75 75) 75

339. Solution: A

N is Binomial, n=500, p=0.12, g=0.88

Standard deviation = \/500(0.12)(0.88) =7.26636

340. Solution: E

F00=K34m=44[=L44

F(4)=15/16
F(3)=8/9

Pr3< X <4) _ F(4)-F(@3) :15/16—8/9 ~135-128 _l:0.4375

Pr(X <4| X >3) = - _
( | ) Pr(X > 3) 1-F(@3) 1-8/9  144-128 16
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341. Solution: B

30
1:]0 K(x+5)?dx

1=—k(x+5)-1\g°

1=k -3
35 5

1=k(0.171429)
k =5.8333
flo 5.8333

- dx =0.1944
5 (x+5)

342. Solution: B

e—/l/»LO e_lﬂl

FO="5
—140 -1 11 —A112
F(Z):e A +e A +e A
0! 1 21

12
F@ 4, 13 26

F) 1+4 5 10
10+104+54% =26+ 261
512 -164-16=0
(5A+4)(1-4)=0
A=4=E(X).
Ignore negative solution.
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343. Solution: B

P[X>0]= 1
P[X>1]= 05

P[X >2] = 0.27639
P[X >3] = 0.18377
P[X > 4] = 0.11270
P[X > 5] = 0.05279

0.5,

0.22361,
0.09262,
0.07107,
0.05991,
0.05279,

p(x) =

X X X X X X
i
g~ W N PO

E(X) :Z‘E“xi p(x,) =1.12565

i=0
344. Solution: B

Let g(y) represent the density function for the median.
g(y) =6(y")1-y*)(2y)
=12(y*-y°)
E(Y) = [ ya(y)dy =12(% - %) = %%,
E(Y?)=[ y'o(y)dy =12(%- %) = %
Var(Y) = (%) - (%%)* = 0.030

345. Solution: A

W — T has a normal distribution with mean 0 and variance 4 + 12 = 16.

P(|W-T|<1)=P(-1<W-T <1)

= P(-1< N(0,16) <1) = P(-.25 < N(0,1) <.25) = 0.197
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346. Solution: B

The only way exactly two of the events can occur is if A and B both occur. Hence
P[AnB]=0.06.

Because the intersections of A and C and of B and C are empty,
0.90=P[AuBuUC]=P[A]+P[B]+P[C]-P[ANB].

The probability of exactly one of A and B is P[A]+ P[B]-2P[AnB]=0.38.
Therefore, P[A]+ P[B]-P[AnB]=0.38+0.06 =0.44.

Then, P[C] =0.90 — 0.44 = 0.46.

347. Solution: D

091, y=0
Ply)= {0.09, § -1
E(Y) = (0)(0.92) + (1)(0.09) = 0.09
E(Y?) = (0%)(0.91) + (1?)(0.09) = 0.09
V(Y)=0.09-0.09% = 0.0819
SD(Y) =+/0.0819 = 0.28618

CV(Y)= 0.28618

=3.179797

348. Solution: E

The policyholder will receive benefits if and only if at least 1 of the 3 losses exceeds 30.
The probability that a given loss exceeds 30 is (100 - 30)/100 = 0.7.

The probability that no losses exceed 30 is (1-0.7)* =0.027.
The probability that at least one loss exceeds 30 is 1 — 0.027 = 0.973.

349. Solution: B

P[J]=0.70

P[F]=0.50

P[F [J]=2P[F | J°]

P[F]=0.50 = P[F | J]P[J]+ P[F | J¢]P[J°]
0.50 = P[F | J]0.70 +0.50P[F | J10.30

P[F [ J]=0.50/(0.70+0.25) = 0.58824
P[F nJ]=P[F | JIP[J]

P[F n J]=0.58824(0.70) = 0.41176.
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350. Solution: B

3000

P[Y >3000] =e 20% =(.223.

351. Solution: E

P(0 employees have accidents) = (0.6)%(0.9)? = 0.2916

P(1 employee has accidents)

= P(1 high-risk employee has accidents and 0 low-risk employees have accidents

OR 0 high-risk employees have accidents and1 low-risk employee has accidents)
= P(1 high-risk employee has accidents)P(0 low-risk employees have accidents)

+ P(0 high-risk employees have accidents)P(1 low-risk employee has accidents)
[combining the addition rule for a union of mutually exclusive events and the multiplication rule
for independent events]
=(2)(0.4)(0.6)(0.9)? + (0.6)%(2)(0.1)(0.9) = 0.4536
P(at most 1 employee has accidents) = 0.2916 + 0.4536 = 0.7452.

352. Solution: D

Amt Paid Prob
0 0.70
5000 0.11
10000 0.08
15000 0.07
18000 0.04
E(X) = 3120

E(X?) =39,460,000
V(X) =39,460,000 — 3,1202 = 29,725,600
SD(X) = 5452

353. Solution: B

F(¥) =], 8 dt= —4t‘2[ —1-4x2,
P(25<x<3|x>25)

_ F(3)-F(25) 1-4/9-1+4/6.25
1-F(2.5) 1-1+4/6.25

=0.3056.
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354. Solution: B

M = Male

F =Female

A= Accident

P[M n A]=0.30

P[A] M]:O.SO:M
PIM]

P[M]:%:O.GO

P[F]=1-P[M]=1-0.60 = 0.40.

355. Solution: E

-4 2X

p(x) = ¢ f' X = 0,1,2,...;1—[ p(0) + p(l)] =1-0.091578 =0.908
X!

356. Deleted

357. Solution: E

X follows a geometric distribution with p =%

Y = 1 implies the first roll is a 6. Counting from the second roll E[X]= 1 6. So
p

E[X]y =1]=1+6=7.
358. Solution: C

e—2.5 25X

PIX =x]= o

P[0] = 0.082, P[1] = 0.205, P[2] = 0.257, P[3] = 0.214.
Probabilities for values greater than 3 are less than the probability of 3. The largest probability
occurs at the value of 2.
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359. Solution: E

P[M | X]=0.3= P[F| X]=0.7
P[F|Y]=0.4=P[M |Y]=0.6
P[Y]=0.6 = P[D]=0.4

LY [M]= P[M |YIP[Y] _ (08)(©06)
P[M |YIP[Y]+P[M [ XIP[X] (0.6)(0.6)+(0.3)(0.4)

360. Solution: A

The probability of a 20% surcharge is 0.1, the probability of a 15% surcharge is 0.9(0.1), the
probability of a 10% surcharge is 0.9(0.9)(0.1) and the probability of a 5% surcharge is
0.9(0.9)(0.9)(0.1).

Expected surcharge = 0.20(0.1) +0.15(0.1)(0.9) +0.10(0.1)(0.9) + 0.05(0.1)(0.9)* = 0.045245

361. Solution: C

Let Y be the expected payout. Then

E [Y] =0(0.75) +(1000—-500) (0.12) +(5000 - 500) (0.08)
+(10000-500)(0.04) +(15000-500)(0.01) = 945

The premium sis 945+ 75=1020.

362. Solution: E

1
=180 = [=30
# (6)

- fof 2T

P(X >40) - P(Z >@) = P(Z >1.90) = 0.0287.

363. Solution: E

Let H be the event that the policyholder undergoes hospitalization this year.
Let A be the event that the policyholder is in class A.
P(A) = 12,000/30,000 = 0.4; P(B) = 18,000/30,000 = 0.6
P(H|A) =1-0.98 =0.02; P(H|B) =1 - 0.995 = 0.005.
P(A[H) = P(A)P(HIA) / [P(A)P(H|A) + P(B)P(H|B)] by Bayes' Theorem
=(0.4)(0.02) / [(0.4)(0.02) + (0.6)(0.005)]
=0.008/0.011 =0.7272
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364. Solution: D

Let X be the random variable that a part works. Then:
P(X >x)=e"*

P(X <x)=1-e"*

One year from now,

P[both parts will work | at least 1 part will work]
_ P[both parts will work]

~ P[at least 1 part will work|

670.2670.2

1—- P(neither part works)

e70.2e70.2

T1-(l-e")(1-e?)
_ 0.67032
0.96714

=0.69310

365. Solution: E

P[no root canal | no fillings] = P[no root canals and no fillings] / P[no fillings]
= {1 - P[at least 1 root canal or filling]} / P[no fillings]
=(1-0.35)/0.7 = 13/14 = 0.92857.

366. Solution: D
This is a hypergeometric probability:

1©35C, _353) _ g 41667
oCs 252
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367. Solution: C

68

Diabete

68
Cholesterol
68

68 +84 + X +Z =268
68 +84+X+Y =268
68+84+Y +7Z=268

X, Y and Z must all be equal, X =Y =Z =58.
Total =68 + 68 + 68 + 84 + 58 + 58 + 58 + 155 = 617
368. Solution: C

A: The event that a person is a smoker
B: The event that a person has below normal lung function.
P(AUB)=P(A)+P(B)-P(ANB)

P(AUB) = P(A)+P(B)—P(B| A)P(A)
0.40 = 0.25+ P(B) — (0.70)(0.25)
P(B) =0.325

369. Solution: E

P[H mW] = P[H ] P[W] where H is the husband’s survival and W is the wife’s survival.

- 0.70

P[H]=1-0.10=0.90, P[H nW]=0.70. Therefore, P[W] % =77.8% and the

probability of the wife dying is 1- P[W ]| =22.2%.
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370. Solution: C

P[B[S]PIS]
P[B | S]P[S]+ P[B | R]P[R]+ P[B |T]P[T]+ P[B | O]P[O]
~ 0.08(0.25)
" 0.08(0.25) +0.12(0.60) + 0.06(0.10) + 0(0.05)

P[S |B]=

=0.20408

371. Solution: C

Using the quadratic equation and being careful with inequalities,
P[SX —X?<1]=P[X <0.127016654]+ P[ X > 7.872983346]. For the standard normal

variable Z =¥, this is:
P[Z <—2.436491673]+ P[Z >1.436491673]
=0.0073+0.0749 =0.0822.

372. Solution: A

Since the normal and uniform are symmetric the mean and median are the same and doubling
one doubles the other. For the exponential distribution the median is In2 times the mean. Thus
doubling the mean doubles the median.

373. Solution: B

The marginal distribution of X'is: P(X =0)=3/12; P(X =1)=4/12;

P(X =2)=5/12. Thus E(X?)=0? w3k 022 _oand
12 12 12

E(X)=0xi+1xi+2xizﬂsothevarianceisVar(X)=2—@=§=0.639.
12 12 12 12 144 36
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374. Solution: B

To determine the mode, set f'(x) = 7—52[6(x -2)—4(x— 2)3]= 0. This solves for

6(x—2)-4(x-2)° =0 so either x—2=0 and x =2 or 6-4(x—=2)> =0. In this case,
(x—2)? =% giving x=2+1.2247,s0 x=0.7753 or X =3.2247 which is outside the domain.

Check these two values and the endpoints:
f(0)=0

f(3)=0.4167
f(2)=0.2778
f(0.7753) = 0.4340

The mode occurs at 0.775.

375. Solution: A

F(t) :4,B4jr5dr ﬂ—(?j , for 0< g <t
;

p
P[T>4+3|T>3]:P[T>7]:1F(7)=(7 _
P[T>3] 1-F(3) (IBT 2401
3

376. Solution: C

The number of senior employees X included in the sample is distributed per the hypergeometric
distribution. The required probability is P[X = 3 or 4], which is:

L

3\1) 4\ 0)_1000)+5@) _ 1760
(15] T 1365 '
4
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377. Solution: C

P(H) = 2 P =20 (S [H) =00 P(S | L) =2
3000 3000 1100 1900

P(LIS) = P(S|L)P(L)
P(S|L)P(L)+P(S|H)P(H)
28 1900

_ 1900 3000 _ 28

~ 28 1900 , 60 1100"28+.60“031818

1900 3000 ' 1100 3000

378. Solution: C

Let X = the company’s profit in a given year, which is normally distributed with mean pn = 6.72,
80 percentile of 8.4, and standard deviation . Then,
P(X <8.4)=0.80

8.4-6.72
<
o

=0.84162

P(Z ) =0.80

8.4-6.72
o
o=2

P(Z < P-6.72

) =0.90
P-6.72

=1.28155
P=09.28

379. Solution: B

Let X = the length of the power failure in days.
We need to find the value of m for which the cumulative probability = 0.5

m 3 4|m 4
aszjgiflux:-‘4_”| - 1(2&&44—mf):y-“‘”°
) 64 256 | 256 256
4
%20-5;(4—@4:128; 4—m:‘\‘/12_8; m:4—‘\‘/12_8

380. Solution: B

L has a normal distribution with mean 1205 -2 -2 + 2 =1203 and variance 5.0+ 05+ 0.5 =
6.0. Then, P[L 2 1200] =P[Z 2 —3/\/6] =0.8897.
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381. Solution: C

This is an exponential distribution with P[X < X] =1-¢ 8,

HX<2mX>ﬂ:E%%%i§g
_ P[X <20]-P[X <5]

P[X > 5]
20

16 16
_(d-e®)- (1 ) _0.60839

e 16
382. Solution: A

X=3impliesY=0or1
Let W be the number of pages with low graphical content. Then,

30 600
P(Y=0,X=3) P(Y=0W=1X=3) 4 27,405
P(Y =0|X =3) = - - —£0L29 025,
( | ) P(X =3) P(X =3) 20)(10 2,400
1l 3 27,405

30
4
The denominator follows because the distribution of X is hypergeometric with categories of X

and not X. The conditional distribution of Y is Bernoulli with success probability 0.75. The
variance is 0.75(0.25) = 0.1875.

383. Solution: D

The density function is f(X) = ox". Then

cxynt |1 c cn 1+n
= = =C

(L/n)+1), @/n)+1 1+n n

Let xp represent the pth percentile. Then,
p= F( p) j 1+n)x ST dx= 1+1/n

The desired ratio is

tyg 030Dy o0 g

on O 2n/(n+l)

_ 1 un _
1_I0cx dx =

— (X )1+1/n Xp — pn/(n+1).
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384. Solution: B
1

cszdx=1: c=3
0

F(x)=3jt2dt:x3
0

The (100p) percentile of a claim under the first plan is the value of x satisfying - P.
Since this value of x is also the (100p?) percentile of a claim under the second plan, the

2
cumulative distribution function F of a claim under the second plan is F (X) =p’= (X3) =X’

Then differentiating yields its probability density function f(x)=F'(x)= 6x°.

385. Solution: D

Let g be the mean of X. We know that

02=Pr[X <2]=1-¢?’

3 =8.96284

Let t be the time at which 80% of its computers have failed. Then,
0.8=Pr [X < t] =] 1897

02 — e—t/8.9628
t =14.42513
386. Solution: D

Let N = number of tickets the driver receives, which has a Poisson distribution with mean 4.
Note that the total fine is the sum of the integers from 1 to N, which equals M.
So the expected total fine is

N(N +1) ) )
E — | 0.5E(N?)+0.5E(N) =0.5[Var(N)+ E(N)?+ E(N)]

=0.5(4+16+4) =12.
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387. Solution: C

The probability that the 2 most recent files are both intact is % =

N

(d d(d —1)

This leads to 40d° —40d =51d” - 255d +306 => 0 =11d* - 215d + 306

Since d is an integer that is at least 3, the unique solution isd = 18.
The probability that the 3 most recent files are all intact is

@(d gzj _([@-2)d-3)
(

11d ~17)(d -18).

o2
0\ 2 ) _(d-3)(d-4) _15(14) 35 _ o

(dj dd-1)  18(17) 51

2

388. Solution: D

Let N = number of claims; let X = the benefit paid.

P(N=0)=0.75; P(N=1) = 0.25

EXIN=0)=0;E(X|N=1)=38

Var(X|N=0)=0; Var(X|N=1)=82=64

Var(E(X | N)) = 82(0.25)(0.75) = 12 because i) a Bernoulli (0-1) random variable has variance
p(1 - p) if p = P(Bernoulli variable = 1), and ii)the variance of 8 times the Bernoulli is 82 times
the variance of the Bernoulli

E(Var(X | N)) =0(0.75) + 64(0.25) = 16

Var(X) = Var(E(X | N)) + E(Var(X |N)) =12 + 16 = 28.

389. Solution: D

Let the hats (and men) be A, B, C, and D. There are 24 orderings of the hats drawn. Consider the
complement, where at least one man draws his hat.

If A is drawn first, all 6 subsequent combinations meet this event.

If B is drawn first, combinations ACD,CAD, and DCA meet this event.

If C or D is drawn first, each also have three combinations that meet this event.

Hence there are 6 + 3 + 3 + 3 = 15 ways to meet the complementary event.

The desired probability is (24-15)/24 = 0.375.

390. Solution: E

Using the probability density function for gamma distribution and integration by parts we have

P(X >4) :J 5 L xZ g3 zijxe_mdx _ —£3X8_X/3 * +£J‘3e_X/3dx
4 3T(2) 9 2 9 4 9 Y
_ fe—ﬂ./s _lge—x/\’s © _4 a3 Lot Ze—4/3 06151
3 9 4 3 3
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391. Solution: D

P[A < 214] = 0.96
214-30
(o2

P[Z < } =0.96
214-30

o
o =105.143

P[B < 214] = 0.90

plz <24\ _g90
105.143

214— 1
105.143

u=79.25
The value for 0.96 was obtained using the closest entry in the normal table (1.75) while the value
for 0.90 (1.2816) was obtained from the list of percentiles at the bottom of the table.

=1.75

=1.2816

392. Solution: E

2 L2

CU(X—5)dX+T(11—X)dX} =c[(x_5)2| = (11‘X)2| }:c(4.5+4.5) =1
1

c==
9

8 2|8
3](x—5)dx=(x_5) 91 g
91 9(2) | 18

6

393. Solution: C

Since both events are Poisson distributed, the combination is also Poisson distributed with
A=0.1+0.02=0.12 per year. The claims in forty years are also Poisson distributed with
A =40(0.12) = 4.8. To find the mode, First note that

e*%48" 48e*%48"" 48

P == o PO

This means that the probability increases when n < 4.8 and decreases thereafter. We have p(4) =
1.2p(3) while p(5) = 0.96p(4) and hence the mode must be at 4. The total payments are 4000.
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394. Solution: B

_x=d
Since f'(x)= —%e # <0, f(x) is monotonically decreasing for x >d. Thus, the mode of X

is at its lowest possible value, that being x = d.

Let p be the 10" percentile of X.
_ _ [P g laO-DBHy — _a-=aVB[P _q_ a=(p-d)Ip
0.10_F(p)_jdﬂ e dx = —e |d_1 e

0.90=¢ "

In(0.9) =—~(p-d)/p

p=d-/£In0.9)=d+ £In(10/9).

So, | p—d [=[8In(10/9)+d —d|= In(10/9).

395. Solution: D

1=c j X2dx = —cx‘1|:;0 =¢100* = ¢ =100

100

M
0.5=100 j X 2dx = —100x-1|1“f)0 —1-100M * = M =200

100

396. Solution: E

100 1.25 [100 125

X k 1.25 k X

First, | k*®dx=k—| =-—100"*=1=k=—"" and F(X)=—Xx"® =———
e l 125/ 1.25 100% ) 1.25 100*%

0
The desired percentile is

Pr(20< X <p) F(p)-F(20) p1.25 _ 90k
Pr(X > 20) 1-F(20) 100+25 _ 90t
p =[0.9(100"%° — 20" %)% + 20"%* =[0.9(316.23 - 42.29) + 42.29]"*** = 93.01.

09=Pr(X<p|X>20)=

397. Solution: B

The three modes for A must be at 0, 2, and 5. Therefore, the frequencies for B at these values
must be 1, 4, and 1.

For values of 1, 3 and 4 the frequencies for A are at least 4. For B they are then at most 2 for
each of these values.

Hence the most common value is 4 for a satisfaction of 2. Because no other level can occur four
times, there is only the one mode.
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398. Solution: E

Let X = event of no fires the first 2 years; Y = event of no fires the following 2 years.

Let H = event of homeowner being high-risk; L = event of homeowner being low risk.
P[H]=0.1,P[L]=0.9

P[X |H]=0.8%P[X | L]=0.99

P[XandY | H] = 0.8*; P[XandY | L]=0.99"

PLY | X] = P[XandY] _ P[XandY | H]P[H]+ P[XandY | L]P[L]
P[X] P[X |H]P[H]+P[X | L]P[L]

~0.8%(0.1)+0.99"(0.9)

~0.8%(0.1)+0.992(0.9)

=0.95709.

399. Solution: A

A given person in this population has no cancer with probability 1-0.2 =0.8, cancer other than
stage IV with probability 0.2(1—0.08) = 0.184, and stage 1V cancer with probability
0.2(0.08) = 0.016 .

We need to find the probability that i) out of the first n—1 patients, N1 —C have no cancer, c—5

have cancer other than stage IV, and 4 have stage IV cancer, and ii) the nth patient has stage 1V
cancer.

Keeping in mind that we are given that the patients are independent, we multiply the individual
probabilities together. We then multiply this product by the number of possible orders in which

(n-1)! -~ . 5
n_olc_5a ) (018477(0.016)"

these results need to occur, to get Py ¢ (N,C) =

400. Solution: E

Let W denote the total claims received.
PW >2)=1-P(W <2)=1-[P(X =0,Y =0)+P(X =0,Y =)+ P(X =1Y =0)]

=1- i+l+£ =§:0.61
54 54 54) 54
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401. Solution: C

P(Z < 1000_/“‘) —0.3446
500

1000 — u
500
1 =1200

p( 7z < Foa=12001 _ 99
500

P,, —1200

500
P,, =1840.8

=-0.40

=1.2816

Median equals the mean or 1200, the difference is 1840.8 -1200 = 640.8.

402. Solution: A

Var(X) =4 =E(X?)-E(X)?
4 =0.2756— A2

A*+1-0.2756=0

By quadratic formula: A4 =0.2250
Then: 154 =3.37474

Then,

P(Y>2)=1-P(Y <2)
=1—[P(O)+ P+ P(2)]

3.37474° N 3.37474' N 3.374742}

_1_g33m4
0! 1! 2!

=0.65536.

403. Solution: C

Hypergeometric:

H
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404. Solution: B

The marginal distribution of Y is:
4 17 10 51
py (0)=p(0,0)+ p(1,0) + p(2,0) =

126 126 126 126
21 14 7 42
+ + =
126 126 126 126
18 ll 4 33
126 126 126 126
51 42 33 108

+1—+2 =
126 126 126 126
, 91 ., 42 L2 33 174

py@D=p0O+pLh+p21=

Py (2)=p(0,2) + p(1,2) + p(2,2) =

E(Y)=0

E(Y?)=02——+1 =
126~ 126 126 126
2
v(y)=14_[108) 6606,
126 \126

405. Solution: A

The expected monthly payout is:
100,000 * [300,000 * P(match all 5 and bonus number) + 50,000 * P(match all 5 but no bonus
number) + 0 * P(match fewer than 5 numbers)].

P(Match all five and Bonus) = [310 *% - 7121530
5 j

L.

30 712 530
S

Thus, expected monthly payout equals:

100, 000{300, 000 7 L 4

P(Match all five and No Bonus) =

4
5

+50,000

’ = 70,172
12,530 712, 530}
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406. Solution: E

Y is a binomial random variable with n =5 and probability of success equal to s + t.
Next, the probability that Y =5 is:

P(Y :5):(2](s+t)5 =c=>s+t=c""=s=c""-t
Then,
$+0.755+t=1.75s+t =1
t=1-1.75(c"® —t)
t=1-1.75¢"° +1.75t
0.75t =1.75¢"° -1
(o 1.75¢"° -1 _ 7cYs -4
0.75 3

407. Solution: E

Let X denote the time until failure. Because the median of X is 3, we have:
P(X >3)=05=¢"*

In0.5= —i
B
S =4.32809

The variance of an exponential random variable is §° =18.73232.
Because the exponential distribution is memoryless, the variance of the future lifetime fromt =
0.5isalso f° =18.73232.

408. Solution: E
Let H be the event a single head and F be the event the fair coin is selected. Then,

P(HHH [ HH) :%

P(HH)=P(HH |F)P(F)+P(HH |F)P(F") =[(1/2)A/2)]1/2)+[()(@D)](@Q/2)=5/8
P(HHH) =P(HHH | F)P(F)+ P(HHH | F)P(F") =[(/2)(1/2)(1/ 2)](1/ 2) +[)D)(D)](@Q/2) =9/16

P(HHH | HH) =216 _ 9
5/8 10
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409. Solution: A

Let X represent the loss. Since it is given that losses never exceed 10, we have
4 4
1=p[X <10]= FA0)=c| L' = c =[],
15 10
Since the probability that a given loss is partially reimbursed is 0.56, we have
4 4 4 4
056 = P[X >m]=1-P[X <m]=1-F(m)=1-c| L =a—[ B2 [M P _q_[Mm}*
15 10) \15 10
3

Solving for m yields m=10(1-0.56)¢ =5.40.
410. Solution: E

We need to find Fy Y (2,3)=P[X <2and Y <3], which equals the probability of at most 2

tornadoes and a total loss of at most 3.

The probability of no tornadoes or exactly one tornado is 0.8 + 0.12 = 0.92, and in this situation,
the total loss is no more than 2 and is therefore no more than 3.

The probability of exactly two tornadoes is 0.05, and in this situation, the total loss is at most 3

as long as both losses are not 2, which occurs with probability 1-(0.5)* =0.75,
Therefore, Fy (2,3)=0.92+0.05(0.75) = 0.9575

411. Solution: A

Let the marginal pdf for be py(y), fory =0,1,2.

py (0) = p(0,0)+ p(L,0)+ p(2,0)+ p(3,0)=(12+9+6+3)/60=30/60

py (D) =p0,)+pLY+p2D)+pB1l=8+6+4+2)/60=20/60

py (2)=1-(30+20)/60=10/60

E(Y)=0(3/6)+1(2/6)+2(1/6)=4/6
Var(Y)=02%(3/6)+1%(2/6)+2%(1/6)— (4/6)? = (36—16) /36 = 20/ 36 = 0.56

412. Solution: D

This is the same as the probability that all three claims are less than 7, which is (0.7)° =0.343.
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413. Solution: B

This is a negative binomial distribution. The probability of finding fraud is 0.9(0.2) = 0.18. Let
p(x) be the probability of examining x policies. Then,
p)=0

p(2) =0.18% = 0.0324

p(3) = 2(0.82)(0.18)* = 0.0531

p(4) = 3(0.82)?(0.18)* = 0.0654

p(5) =1—0.0324—-0.0531—0.0654 = 0.8491

E(X) = 2(0.0324) +3(0.0531) + 4(0.0654) + 5(0.8491) = 4.7312.

414. Solution: E

This is a hypergeometric problem.

A

P[X =3]=%+ P[X =4]=u
Y

=0.4762+0.1190 = 0.5952.

415. Solution: B

Let  C be the expected number buying the carriage only
S be the expected number buying the seat only
B be the expected number buying both

Then C+S+ B +0.60(200) = 200
C + B = 0.20(200) = 40
S + B = 0.35(200) = 70
40 +70 — B + 120 = 200
B=30,C=10,S=40
Revenue = 10(300) + 40(100) + 30(360) = 17,800
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416. Solution: C

Let X; be the number of claims for policyholder i. We have 1=Var(X;) = E(X;). The total

amount paid is then S =100(X; +-+-+ Xy500) . Note that the solution employs the continuity

correction.
E(S)=100[E(X;)+---+ E(X;500)] =100(1, 000)(1) =100, 000

Var(S) =100°[Var(X,) +---+Var (X0, )] = 1007 (1,000)(1) = 10,000,000
StDev(S) =10,000,000Y% = 3,162.28
Premium =1.03(100,000) = 103,000

75 103,050-100, 000
3,162.28

P(S >103,000) = P( =0.9645J=0.167

417. Solution: B

This is a negative binomial distribution.

P(Second fatal crash occurs on the fourth save) = G’j (0.02)?(0.98)> =0.001152.
418. Solution: C

Let M = # of accidents in first year, N = # of accidents in second year.

P(M =1,N=1|M+N=2)=P(M =LN=1) _ 0.08(0.08)
P(M+N=2) 0.9(0.02)+0.08(0.08) +0.02(0.9)

~0.0064

= =0.151
0.0424

419. Solution: B

X = amount of time (years) before repair is needed, which is uniform on [0, 5]

P[X >45|X > 2]

_ P[X >4.5]

~ P[X >2]
5-45

_5-0 _1_ 4167
6
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420. Solution: C

Using integration by parts
2

2
I xe dx =—xe™” f —_[—e‘xdx =(-2e?+et)—e*

1 1

2
1

=-3e”? +2e" =0.329753.

421. Solution: C
Let X = lifetime of a television of this brand:

0.5=P[X <2.7] —]_e 2P
2.7/ p=0.6931

L =3.8953

0.875=P[X <P]=1-¢" p/3.8953
p/3.8953=2.0794

p =8.10.

422. Solution: A

Since one of C or D is guaranteed to occur, and they are mutually exclusive:
P[A]= P[A~C]+P[A~ D] so,

P[A~D]=0.75-0.50 = 0.20.

Then, since one of A and B is guaranteed to occur:

P[D]=P[A~ D]+ P[B D],

SO P[B ~ D]=0.20-0.20 = 0.00
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423. Solution: C

We are given the following:

Overstated | Didn't overstate | Row Total
Claimed at least 1000 0.45 0.70
Claimed less than 1000
Column Total 0.50

This gives

Overstated | Didn't overstate | Row Total
Claimed at least 1000 0.45 0.25 0.70
Claimed less than 1000 0.05 0.25 0.30
Column Total 0.50 0.50 1.00

Then, P(Overstated | Less than 1000) = P(Overstated and Less than 1000)/P(Less than 1000) =
0.05/0.30 = 1/6.

424. Solution: E

There are (26C3)(3) = 7,800 ways to select the 3 distinct upper case letters and choose one for the
leading position of the password. For each of those ways, there are 4P, = 12 ways to allocate the
other two letters among the 4 open positions. So there are 93,600 ways to allocate the letters.

For each, there are 10? ways to select and place the two digits in the remaining two open
positions. Thus, there are 9,360,000 possibilities.

425. Solution: B

Let X = number of fillings, which has a Poisson distribution with mean A

-1 10
0.18:P[X=O]:e0? —e

A=1.7147

Since the mean is 1.7147, the mode will be 1 as it can be shown that when the mean is not a
whole number, the mode is the largest whole number less than the mean. When the mean is a
whole number, there are two modes, the mean and one less than the mean.
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426. Solution:B

50
1= [ ktdt =1250k = k __1
) 1250

25

t
P[T <25|T >20] =

——
P[20<T <25] 51250  (625-400)/2500 _ 225

—dt
1250

20

427. Deleted
428. Solution: B

Let X = working lifetime of chips, in years. Then
0.05=P[X <t]=1-¢ "2

e "% =095

—-t/7.2=-0.05129

t =0.3693

429. Solution: E

“f (x)dx = [ oxd
1:.[0 (x)x=_[0cx x=2c=¢c=05

0.8= j0p0.5xdx =0.25p2 = p=+/32 =1.7889

430. Solution: E

P[T >20] T t . (2500—400)/2500 2100

=0.10714

Let X and Y represent the exponentially distributed life spans of televisions A and B,

respectively, and let A, and A, represent the means for X and Y, respectively.

Var(X) = A2 =5.6 = 4, = 2.3664

0.49=P(X >T)=1-(1-e ") =¥ = T /23664 =-0.7133= T =1.6881

0.7=P(Y>T)=e "% = %% = 16882/ 1, =-0.3567 = A, = 4.7332.

Var (Y) = A} =4.7332° = 22.403.
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431. Solution: D

Let X, be the profit earned in quarter i. Then

0.8=P[X, >0]=P{Z > O_’u}:,u/0=0.84
(o2

Let S =X+ X, + X;+ X, be the total profit for the year. Then S has a normal distribution with

mean 4, and variance 4c2. Then,

P[S > 0] = P{Z > OEJ — 2ulo= —1.68} — 0.9535.
(o2

432. Solution: B

0.1056 = P[N ,,, <400] = P[Z <400 _500} _, 4002500 _ 1 55, 5 —g0
(o2 O
P[370 <Ny, <730|=P 3707550, 730-550]_ P[-1.8<Z <1.8]=0.9641-0.0359 = 0.9282
100 100

433. Solution: A

Let X be the profit from flood insurance and Y be the profit from fire insurance and let S = X + Y be the
total profit. Let  and o be the mean and standard deviation of X.

P[X >0]:P{Z > O_ﬂ}=O.67:>O_—’u=—0.44:>0.446=,u
o O

S has a normal distribution with mean E[X]+ E[Y]= x+3x =4u and standard deviation

WVar(X)+Var(Y) =Vo? +906% =100 .

0-4u —-4(0.440) }
P[S>0]=P|Z > = =-0.56 |=0.71
s>01-r| 2> -2

434. Solution: D

Let X; = number of accidents occurring on the jth roller coaster, for j = 1, 2, which is Poisson
distributed with mean 4;.
The probability that at least one accident occurs on roller coaster j equals

L
1-P[X;=0] 2\ éf") —1-e",

Since the probability that at least one accident occurs on the second roller coaster is twice that
for the first roller coaster, 1—e * =2(1—e™*). Then

e’ =2e*-1= 1, =-In(2e" ~1)=~In(2e°° 1) =1.546.
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435. Solution: B

Standard deviation equals 85 implies mean = 85.
Let M equal the median
P[X >M]=05

e—M /85 — 05

ﬂ: In0.5
85

M =58.92
So median minus mean = 58.92 - 85 = -26.08

436. Solution: D

The mean equals the standard deviation, so is also 1000. By the memoryless property of the
exponential distribution,

P[X >1500] X >1000] = P[X >500] = [ 0.001e™**"dx = —e*®"|" =& =0.6065.

500

437. Solution: D

P[exactly 2 injuries]

= P[1 or 2 injuries] + P[2 or 3 injuries] — P[at least 1 injury] + P[4 or more injuries]
=0.25+0.036 — 0.26 + 0.002

=0.028

438. Solution: E

The event that the first 5 items fill the truck to its capacity is equivalent to the event that the first
5 items include 3 items of Type A and 2 items of Type B. This is a hypergeometric probability:

ae) m0

10y 252 21
5
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439. Solution: D

Let X and Y be the profits in years 1 and 2 respectively. Let S = X + Y be the total profit for the
two years.

0.8531=P[X > 0] = P[Z > 0_”}:—;1/@ =-1.05= oy = u/1.05
Ox

0.9192 = P[Y > 0] = P{Z > 0_”}:—;”@ =-1.40= 0, = 1/1.40
Oy
E[S]=u+pu=2uNar(S)=c% +o2 = u*(1/1.05° +1/1.40%), 5 =1.19054
0-2u

P[S>0]=P|Z > =-1.68 |=0.9535
119054

440. Solution: E

The distribution function for an exponential distribution is F(x) =1—e %,
1_67400/1 — 0.5

e—400/l — 0'5

—400/2=1In0.5

A =577.08.

441. Solution: C

The variance of a uniform distribution is 1/12 of the square of the interval length. The standard

deviation of the hospitalization charge is L =9.6 = b =33.255. The standard deviation of the

V12

-6 _233.255) -6 _ . 00r

surgery charge is \/ﬁ = \/1—2
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442. Solution: B

b-11
b-a

P[X >11]=0.2=

b—a=5(b-11)
b-

oo

P[X >8] =0.6=

O'

-a
0.6[5(b-11)]=b-8
3b-33=b-8
b=125

a=>5

_ 2
)= U255 _ 4 6g75
12

Var(X) =

443. Solution: E
E[|X—2|]=I5|x—2| f(x)dx=jz(z—x)f(x)dxjs(x—z)f(x)dxj;(x—z)f(x)dx

_j (2- x) L ax j( X2 dxj( —2)—dx
444. Solution: C

Y
The question requires calculation of E (Y) The joint density of X and Y is given by

X
1 2 3
Y 0 6/18 4/18 2/18
1 3/18 2/18 1/18

The six cells yield the quotients % =0,0,0,1, 1/2, 1/3. The expected value of % is thus

S A G S
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445, Solution: C

There are 3(420) = 1260 drivers who have exactly one risk factor. There are 320 with all three
factors. Look at the 1200 drivers with the first risk factor. 420 + 320 = 740 are accounted for.
The remining 460 drivers have exactly one other risk factor. This is 230 for each and hence
3(230) = 690 with exactly two risk factors. Also adding the 480 with no risk factors gives a total
of 1260 + 320 + 690 + 480 = 2750.

446. Solution: A

We have that 11.0 = Oy + 5(2x + 2x) + 30(3x), so x=0.10. Thusy =0.30. The variance we seek
is therefore (0-11)%(0.3) + (5-11)(0.4) + (30-11)?(0.3) = 159.0.

447. Solution: D

Let X be loss and Y be the amount paid by the insurance. Then Y =0 if X <400 and Y = p(X —
400) otherwise. Then,

1000 ) 1000
90=LOO p(x —400)(0.002)dx = p[(x ~400)* / 2](0.001)[, " =180p=> p=0.50.

448. Solution: D

Let X and Y be the two claims; X and Y are independent and identically distributed. Let U and V
the amount paid on each claim. U and V are also independent and identically distributed.
We want

P(max(U,V)<t)=P(U <t,V <t)=P(U <t)’>. We have
PU <t)=P(X -5<t)=P(X <t+5)=(t+5)/10.

5+t
Thus, P(max(U,V)<t)= (Wj .

449. Solution: E

p(4,9)+ p(5,9) = P(3< X <5,8<Y <9)=F(5,9) - F(3,9) - F(5,8) + F(3,8)
=0.84-0.65-0.67 +0.53=0.05

450. Solution: A

E(U)=1004 +1504 + 2004 = 4504
Var(U) =100? 4 +150% 1 + 200° A = 72,5004

003725004 25 500/ (0.9 450)° = 0.442
4507
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451. Solution: B

o o e s Y . _ _
The distribution function is F(Y) :jsye St = e 5)‘5 =1-e . The density function for

the first order statistic is: g, (y) =3f (y)[L- F(y)]* =3¢ ¥ [e 12 =3¢ The expected
value is:
j;°3ye—3(y—5)dy = _ye 308 _(1/3)g VD [: ~54+1/3=5.33,

Alternatively, recognize that the first order statistics is 5 plus an exponentially distributed
random variable with mean 1/3.

452. Solution: D

The group has a normal distribution with mean 25 x 1000 = 25,000 and standard deviation of
625 x (25)2 = 3,125.

27,500-25,000
3125

P[Lose Money] = P[Claims > 27,500] = P[Z > }: P[Z >0.80] = 0.2119.

453. Solution: C

Let p represent the percentage, expressed as a decimal; let Y represent the loss; let X represent the
claim. Then X =0 when Y <240 and X = p(Y — 240) otherwise. Then X has a mixed distribution
with P(X =0) = P(Y <240) =0.5 and for 0 < x < 240p,

Fy (X)=P(X <x)=P(p(Y —240) <x)=P(Y <240+ x/ p)=0.5+x/480p and
f, () =1/480p.

Then,

E(Y)=0(0.5) + jomp X/ (480 p)dx = (240 p)? / (960 p) = 60 p

E(Y2)=02(0.5) + joz“opxz / (480 p)dx = (240 p)° / (1440 p) = 9600 p>
2000 = 9600 p® — (60 p)? = 6000p? = p =0.577.

So p= ‘f@ =0.57735.
6000

454. Solution: B

P[claim > 300 | claim < 400] = P[loss > 700 | loss < 800] = P[700 < loss < 800] / P[loss < 800]
= [(800 - 700)/(1000 - 0)] / [(800 - 0)/(1000 - 0)] = 0.125.
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455, Solution: D

L = event that policyholder is low risk
H = event that policyholder is high risk
N = event that policyholder undergoes no hospitalizations

P[L]=0.7, P[H]=0.3
PIN|L] =e*®,P[N|H] =e°°

o= PILPINIL]
PILIP[N | L]+ P[H]P[N | H]
__ 07 49756,

0.7¢°% +0.3e7°3
456. Solution: E

This is a hypergeometric probability:

[gj[g = (15) ) =0.42857.

10 210
4

457. Solution: C

The probability of at least one visit is one minus the probability of no visits. The probability of

-140 -2 10 -310
el 04282 01888
0! 0! 0l

no visits is 0.28+0.12

=0.39, so the answer is 1-0.39 = 0.61.

458. Solution: C

Let u be the number of units of A purchased, and hence 10 — u is the number of units of B
purchased.

The payoff will be uX + (10 — u)Y. Because of independence,

Var(uX +(10—-u)Y) =u?30+ (10—u)?20 = 50u —400u + 2000. Differentiating and setting the
derivative to 0 to yields u = 4. The second derivative is positive, indicating it is a minimum.
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459. Solution: D

Poisson with mean of 16 means the variance is also 16 and the standard deviation is 4. Then for
samples of size 64, the mean for the average is 16 and the standard deviation for the average is
4/8 = 0.5 Then using the normal approximation from the Central Limit Theorem:

15-16 18-16
<Z<

P(15< X <18) = P(
0.5 05

] =P(-2<Z <4)=09772.

The continuity correction is not needed. If it were, the adjustment would be 1/128, not 1/2.
460. Solution: E

P(N =1, X <2000) =0.08P(X <2000|N =1) = 0.08(3/ 4) = 0.06
P(N =2, X <2000) = 0.08P(X <2000 N =2) =0.02(1/2) = 0.01
P(N >0, X < 2000) = 0.06 +0.01=0.07

P(N =1 X £2000) _0.06 _

P(N =1|N >0, X <2000) = _ 200
P(N >0, X <2000) 0.07

461. Solution: B

Let A represent the mean number of tickets. Then,
-1 170

e = P(O tickets) = L et s04=15

P(X >4)
P(X >1)
_1-[P(0)+P(1)+P(2) +P(3)] _0.06564
- 1-P(0) ~0.77687

P(X 24| X >1) =

=0.08449.

462. Solution: E

Let X = number of people tested until a diabetic is found
Then X is geometric with success parameter p.

ppcemy ZPH 2P 1aopy
PEED S ek Ypa-pyt 0P

P(X<m|X<n)=
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463. Solution: A

Ae™

Let X = number of brake jobs needed. Then, P(X =X) =
P(X=0)=09=¢"1=-In0.9

P(X >2)=1-P(X =0)=P(X =1)=1-¢™* &1 = 0.00518,
464. Solution: A

The variance for a uniform distribution is the square of the interval length, divided by 12.
The standard deviation is the interval length, divided by 12 .

Since the distribution is uniform and 75% — 25% = 50%, the interquartile range is half the
interval length.

The interval length cancels in the ratio of standard deviation to interquartile range, so this ratio is

1
@=%,or11\/§.
2

465. Solution: A

For an exponential distribution, the mean is equal to the standard deviation. Hence, the
distribution function is F(x)=1-e™/?. Then,

P(L>d+0)=e "7 =g Ve

P(L>d +0.50) =g ("% g ¥7g5 — g 97g1e%% = (0.20)e*® = 0.3297.
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466. Solution: C
Let X = automobile claims and Y = homeowners claims. X and Y are binomial withn = 1.

Note that E(XY)=1(1)Pr(X =1,Y =1) and thus E(XY) is the solution.

_E(XY)-E(X)E(Y)

Ox Oy

=0.30

o, =+/0.1(1-0.1) =0.30

o, =4/0.05(1—0.05) =0.218

_E(XY)-(0.1)(0.05)

— E(XY)=0.025
(0.30)(0.218)

Then 0.30

and E(XY) =0.025

467. Solution: B

The solution is the sum of (y/x)p(x,y) over the six combinations of x and y. Because the three
cases where y = 0 contribute nothing to the total, the solution is

(1/1)(2/18) + (1/2)(1/18) + (1/3)(1/18) = (6 + 3 + 2)/108 = 11/108.
468. Solution: D

Let H be the event that a driver is high-risk and L be the event that a driver is low-risk.
Let T be the event that a driver has an accident this year and N be the event that the same driver
has an accident next year. Then,

o[ 7] PINOTI_ PIN AT [HIP[H]+ PIN AT | LJPIL]

P[T] P[T [H]P[H]+P[T | L]P[L]
_ PINTHIPIT [HIP[H]+ PN | L]P[T [ L]P[L]

P[T [H]P[H]+ P[T | L]P[L]
~ (0.12)?(0.10) +(0.05)%(0.90) _
~(0.12)(0.10)+(0.05)(0.90)

0.6474
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469. Solution: C

Let a and b be the end points of the range for this uniform distribution. Then,

12:%b:>a+b:24

18=0.75b+0.25a = 3b+a =72
2b =48

b=24

a=0

Var = (24-0)* /12 = 48.

470. Solution: C
P(X >1):1— P(X =0)-P(X :1):1—1/5—(1/5)(4/5):16/25=(4/5)2,

X—2
so the conditional probability function is(%j (g) ,  forx=2,34,...

This is the unconditional probability function shifted to the right by 2. Thus, the conditional
probability distribution has the same variance as the unconditional probability distribution, which
is a geometric distribution with variance (4/5)/(1/5) = 20..

471. Solution: A

x=0 1 2
y=0 1/36 3/36 5/36
1 2/36 4/36 6/36
2 3/36 5/36 7/36
p(x) 6/36 12/36 18/36

E(X)=0(6/36)+1(12/36)+2(18/36) =4/3
E(X2)=0(6/36)+1(12/36)+4(18/36) =7/3
V(X)=(7/3)-(4/3)* =5/9=0.556
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472. Solution: D

(2)(0.6)3(0.4)"3 - S[nj(0.6)2(0.4)”2

n n—. 3 n n-2
m( 6) (O 4) W(O 6) (O 4)
1
E(0.6) =5 52 (0.4)
01=—1_
-2
n=12

473. Solution: B

Let X represent the loss, which is uniformly distributed on the interval [0, 1], let d represent the
deductible, and let Y represent the claim on this loss. Note that we are giventhat 0 <d < 1.

Note that Y = max(0, X —d). So Y =0 with probability d, and is uniformly distributed on the
interval [0, 1 — d] with probability 1 —d. Thus the expected value of the claim payment is

0.245 = E(Y):d(0)+(1—d)(o+;_d): (1‘20')2 .

Keeping in mind that 0 < d <1, 1-d =+0.49 =0.7.
The expected value of the square of the claim payment is

E(Y2)=d(0)?+ (- d)j dg (1_30')

The variance of the clalm payment on a given loss is

Var (Y)=E(Y?)-[E(Y ]2_(1_;)3{(1_;)2}2_0';3014_0.0543.

474. Solution: C

Let X represent the amount of time (in years) between now and the first ticket.
Let Y represent the amount of time (in years) between the first ticket and the second ticket.
X and Y are independent and exponentially distributed with means 0.8 and « > 0.8, respectively.

The variance of an exponential distribution is the square of its mean, and the variance of a sum
of independent random variables is the sum of the variances. Therefore, the variance of the
number of years from now to the second ticket is

2.65=Var(X +Y)=Var(X)+Var(Y) = 0.8’ + 4. Thus, x=+/2.65—(0.8)* =1.418..
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475. Solution: A

1-P(X >1)=1-0.444=0.556, forx=0

P(X >1)—P(X >2)=0.444-0.250=0.194, forx=1
p(x)=<P(X >2)-P(X >3)=0.250-0.111=0.139, forx =2

P(X >3)-P(X >4)=0.111-0.028=0.083, forx =3

P(X >4)=0.028, forx=4

E(X) =0(0.556)+1(0.194) + 2(0.139) + 3(0.083) + 4(0.028) = 0.833.

476. Solution: D

Add the probabilities for number of deaths less than 2. Add the probabilities for number of
deaths less than 2 and number of disabilities at least 2. Divide second sum by first sum.

018 _ 0.20930.
0.86

477. Solution: B

P[T <10|T >5]=P[5<T <10]/P[T <5]
Iloktdt g2
ke € 75

- ~0.20
j:oktdt t2|§° 375

478. Solution: B

The variance of the sum of independent random variables is the sum of the individual variances.
So the variance of the total health insurance cost is 12 + 22 + 32 + 42 = 30 . The standard

deviation of the total cost is the square root: @ =5.4772.

479. Solution: D
The variance of a uniform distribution is % of the square of the interval length. For the
C
hospitalization charge: ——= 4\@, so that ¢ = 24.
p g \/E

The standard deviation of the surgery charge is

3c-18 :(3(24)—18j 54

=~ —15.5885.
V12 iz ) 12
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480. Solution: C

For one policyholder
E(X)=0.8(0)+0.16(1) +0.04(2) =0.24
E(X?)=0.08(0)+0.16(1) + 0.04(4) = 0.32
Var(X) =0.32—-0.242 =0.2624.

Because they are independent, the variance of the sum is the sum of the variances: 144(0.2624) =
37.7856.

481. Solution: E

Each value has probability 0.2.

E(N)=1(0.2)+2(0.2) + 3(0.2) +4(0.2) +5(0.2) =3
E(N?)=1(0.2) +4(0.2) +9(0.2) +16(0.2) + 25(0.2) =11
E(Cost)=E(N*+N+1)=E(N*)+E(N)+1=11+3+1=15.

482. Solution: B

a+b

E(X)= 3

a+b=6
b=6-a
(b-a)’ _
12
(6-a-a)*
12
a=1.26795.

V(X)= =1

1

483. Solution: A

The number who test positive for disease A has a binomial distribution with n = 100 and p. Then
9 =100p(1 - p) which implies that p = 0.1 (0.9 is also a solution but we are given that p is
between 0 and 0,5.

The probability of having at least one disease is 1 minus the probability of neither having the

disease. Thus, this probability is 1 — 0.9(0.9) = 0.19. The variance for 100 patients is
100(0.19)(0.81) = 15.29.
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484. Solution: B

The 40" percentile for Denver is at 0.6(25) + 0.4(90) = 51.

The 20" percentile for Philadelphia is at 0.8(45) + 0.2x = 36 + 0.2x.

Equating them yields x = 75.

Therefore, Salt Lake City salaries are uniform from 10 to 25 and the median is (10 + 25)/2 =
17.5.

485. Solution: B

The 40" percentile is at 0.6a + 0.4(2a) = 1.4a.
The 80" percentile is at 0.2a + 0.8(2a) = 1.8a.
The pth percentile (treating p is a decimal) is at (1 — p)a + p(2a) =a +pa= (1 + p)a.
Then,
l4a  (1+p)a

1+ p)a ~ 18a
1.4(1.8) = (1+ p)?
1.58745=1+p

p = 0.58745 =58.7%.

486. Solution: B

The number of such claims, N, is binomial withn =3 and p =0.2.

P(N>0)=1-P(N =0)=1-0.8*=0.488

487. Solution: B

The denominator is the probability of not passing all three exams, which is 1 — 0.36 = 0.64. The
numerator is the probability of passing Exam 2 and not passing Exam 3. This is 0.48 — 0.36 =
0.12. The desired conditional probability is 0.12/0.64 = 0.1875.

488. Solution: B

Let N denote the number of the phone call that produced the third completed survey. For N = 8,
the preceding seven surveys must produce exactly two completed surveys. This is a binomial

.
probability, (2](0.25)2(0.75)5 =0.31146. The eighth call must result in a completed survey, so

the total probability is 0.31146(0.25) = 0.078. A direct solution can be obtained by recognizing
this is a negative binomial random variable and remembering the probability function.
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489. Solution: C

Let b = maximum benefit. Then,
b? —102 .\

60—b —b®+120b-100

31:[b x/50dx+j6°b/50dx=
10 b 50 100

b

3100 = —b? +120b-100

b” -120b+3200 =0
(b—40)(b—80) =0.
The only feasible solution is b = 40.

490. Solution: D

Let X = # of fragile packages that break; Y = # of non-fragile packages that break. For the
denominator,

PX+Y=2)=P(X=2)P(Y=0)+P(X=1)P(Y=1)+P(X=0)(Y=2)
=[(0.2)(0.2)][(0.9)(0.9)] + [2(0.8)(0.2)][2(0.1)(0.9)] + [(0.8)(0.8)][(0.1)(0.1)] = 0.0964.
For the numerator,

PX=2and X+Y=2)=P(X=2andY =0) =(0.2)(0.2)(0.9)(0.9) = 0.0324.

The conditional probability is 0.0324/0.0964 = 0.336.

491. Solution: E

0, x<0
32

The density function is f(x)=12 "’ O<x<l

2-X, 1<x<2

0, X>2

The expected value is

13 4 2 3 2 25

E(X)=| =x°dx+| x(2—xX)dx=—4+—=—.

()Ioz Il()8324
492. Solution: C
Let X = machine’s lifetime.
0.80=P[X >1]=¢"*
F(x)=P[X <x]=1-e* =1-0.80"
493. Solution: B

0.04+0.03+0.03+0.02 _ 012

P[Dis > 2| Death <1] = = 0.1395.

0.51+0.09+0.08+0.06 +0.04+0.03+0.03+0.02  0.86
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494. Solution: C

Let X represent the number of accident-free employees; X is binomially distributed.
Let n = number of employees = 12.

Let p = the probability that a given employee is accident-free this year.
9=E(X)=np=12p,sop =0.75.

Var(X) =np(1-p) =9(1-0.75) = 2.25.

495. Solution: B

7

7 3 7 3 X4
E[X]= [ xf (x)dx = Ej(x3 ~12x7 +36x)dx = | Z-—4x’ +18¢°
5 5

5
=1.5[(74 —54) / 4—4(73 —53) +18(72 —52)] =6

/ 37 3(%° '
E[X?]=|x*f(X)dx==| (x* —=12x® +36x?)dx == | ——3x* +12x°
[X?] j ()de== [ ( ) 2[5 ]

5

5
=1.5[(7° ~5°)/5-3(7* —=5*) +12(7° —5°)] = 36.6
Var(X) = 36.6— 6% = 0.60

496. Solution: C

The probability that a machine fails in the second year is F(2) =1-(1/2)"* =0.1591,
The probability that at least one machine fails is the complement of the probability of no

machines failing, 1—(1—0.1591)° = 0.4054. The expected payment is 1000(0.4054) = 405,

497. Solution: D

The distribution function is F(X) =1-e7'°. For a set of three independent and identically
distributed random variable, the distribution function of the minimum is

I:min (X) =1- [1— F (X)]3 =1- (e‘X/6)3 —1- e—x/zl
This is an exponential distribution with a mean of 2.

498. Solution: C
P(suburban) = 0.55(1/5) + 0.30(3/5) + 0.15(7/20) = 0.3425.

P(suburban and under 25) = 0.55(1/5) = 0.11.
P(under 25 | suburban) = 0.11/0.3425 = 0.3212.
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499. Solution: B

Let X be the number of policies sold random variable. Then,

1-e* 4 4—1+£+4—3
ol 11 2! 31) 05665
P[X >3|X >1]= X >3] =29 _ 5771,
P[X >1] . e4[40j 0.9817
0!

500. Solution: D

Let p be the probability of being injury-free in a given year. Using the binomial distribution,
x = P(injury-free for exactly 1 of next 2 seasons) = 2p(1 - p)
Then, P(injury-free for exactly 2 of next 4 seasons) = 6p?(1 — p)? = 1.5[2p(1 - p)]? = 1.5%>.

501. Solution: E
The key is that the probability of experiencing at least one loss is not needed. The population of
homeowners is split into two groups, eight with insurance and two without. Three homeowners

with losses are randomly sampled from these ten. We want the probability that at least two are
from the eight that are insured. This is a hypergeometric probability:

mﬁ mﬁ
2\1) (3)\0) _28(2) 56(1) _,gaaq
10 10) 120 120

502. Solution: D

Let X = loss due to hospitalization, which is exponentially distributed with parameter A.

2
0.15=P(X <2)= J‘/le_lxdx _1_p?
0

0.85=e%",
P(X <10) =1-¢™ =1-0.85° = 0.55629.
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503. Solution: D

Let p be the probability of an accident in a given performance.

Let X = the number of performances it takes to have the first accident, which is geometrically
distributed with “success” probability p; p < 0.5.

PX =i]=p(L-p)"~

P[X=2]=0.16=p(l-p)= p=0.2

P[X =4]=0.2(0.8)* =0.1024
504. Solution: A

Let X be the loss, which is uniform [2, 10].
Let Y be the unreimbursed loss. Then, Y = 0.4X. Then,

0.3=P[Y < p]=P[0.4X < p]=P[X <2.5p] = 2'1‘3'0 _22 =5p/16-1/4

5p/16=3/10+1/4=11/20
=—16(11) =1.76.
5(20)
505. Solution: C

If one day has a Poisson(0.2) distribution, then seven days has a Poisson(1.4) distribution.

e (1.4)°

P[X =3]= =0.1128

506. Solution: C

The probability of getting one of each type when Bob is selecting is %x%x 2= g. The same
3
- . ... 3 1 1 . S 8 3
probability when Ann is selecting is ngx 2= > Thus, the desired probability is T 37
7+i
2 8

507. Solution: E

This is a gamma distribution with parameters & = 6, ,B =100. E(X)=aB=600.

If the distribution type is not recognized integration by parts is needed to get ¢ and then to get the
expected value.
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508. Solution: D

Let a represent the 2" percentile; keep in mind that a > 0. We have the following equation:
[ x@+x?) dx _ax X*)® 116 _1-(+a)”

I: X1+ x2)%dx  —(A+x?)® /16‘: 1

0.98=(1+a?)®

1.0025285 =1+ a’

a=0.050

0.02 =

509. Solution: B

Let 1 and O be the monthly mean and standard deviation. Then the yearly mean is 12, and
the standard deviation is V125 . Let X be the annual profit. Then,

0.6=P[X >0]=P[Z >-12u/ (V126) =—12(u/ 5))].

From the normal table,

0.253347 =12(u/ o)

ulo=0.073135.

Let Y be the monthly profit. Then,

P[Y >0]=P[Z > —u/ o =—-0.73135] = 0.52915.

510. Solution: C

The maximum is 2 when either X or Y is 2, the probability is 0.02+0.03+0.05+0.09+0.06 = 0.25.
The maximum is 0 when both X and Y are 0, the probability is 0.38.

Thus the maximum is 1 with probability 1 — 0.25 - 0.38 = 0.37.

The expected value is 0(0.38) + 1(0.37) + 2(0.25) = 0.87.

511. Solution: E

Let p = the probability that the insurer pays nothing for a given loss.

d
J.x5dx d°
_ _0 _ 6 _ 48
p=P[loss<d]=2 7 =d°.
jx dx 5
0

P = P[insurer pays for at least 1 of 2 losses] = 1 — P[insurer pays nothing for 2 losses]
=1-p*=1-d*

Then, d = (1- P)"*2.
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512. Solution: D

E(X)=V(X)=4=20
V(X)=E(X2)-E(X)?
E(X?)=20+202 = 420
E(X?)+E(X) =420+ 20 =440

513. Solution: D

Let X be the distance between P and the origin. Then X has the uniform distribution on [0, 3].
We seek Var(zX?2)=7z?Var(X?), which is:

T [E(x )—E(X?)? ]

3 .4
E(X¥) = jx—dx 243 81
)3 5
3X2
E(X?)= j—dx=3
)3
,81—45

T [E(XY)-E(X*)’|=7 =3672/5.

514. Solution: A
We seek E(XY), which is (10)(1)p(1,10) + (12)(1)p(1,12) + (14)(1)p(1,14) + (10)(2)p(2,10) +
(12)(2)p(2 12) + (14)(2)p(2 14)

_10(1)—+12(1)—+14(1)—+10(2)_ 12(2)_ 14(2) _ 280 _140

18 9

515. Solution: A

First, | f(x)dx=1=>k =4

O ey

and F(X)=1-(1-x)*
Because 1- (1-X)* =0.5=> x = 0.1591and this result is less than the benefit maximum, the
median benefit payment is 0.1591(1,000,000)= 159,000.
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516. Solution: C

since T (r) =kr**(@-r)" " =kr®(1-1) =k(r’* -r®)

1 1 1
1= f(r)dr =[kr*@=r)dr =k [ (r* —r*)dr
0 > )
13 14 r=1
k|- :k(i_i):L.
113 14, \13 14) 182
Thus, k=182, and f(r)=182(r"* -r")
Then,

1 1
P[R >0.9]= j f(r)dr = j 182r2(1—r)dr
0.9 0.9

13
=14(1-0.9°)-13(1-0.9") = 0.415.

13 14 .
:182{r——r—} =[14r® -13r*]"

r=0.9

517. Solution: B

First, note that p + q = 0.3.
Next, the expected Type I claim costs are:
(0.21+0.13+q)750=345=

0.34+q=0.46=q=0.12= p=0.18.

Next,
P(Y =0)=0.52

P(Y =1)=0.31

P(Y =2)=0.17

Finally,
E(Y?)=0.31+0.17(4) =0.99
E(Y)=0.31+0.17(2) = 0.65

Var(Y)=0.99-0.65% = 0.5675.
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518. Solution: D

Let X represent the number of earthquakes, which is Poisson distributed with
-A1i

P[X =i]=S

7 , for integer i > 0.

-1172 -A11
Since we are given P[X =2]=0.43P[X =1], we have € 2? = 0.43(e 1? j , Which gives

=0.43 and then A = 0.86.

(CRIPNS

The probability of at least 3 earthquakes is
P[X >3]=1-P[X =0]-P[X =1]-P[X =2]

e10 et e )l vl 0.86 (0.86)2
o n o et

—1-

}: 0.056.

519. Solution: C

Let X represent the number of minutes that city A's tornado lasts.
Let Y represent the number of minutes that city B's tornado lasts.
X and Y are independent and exponentially distributed with means 5 and 4, respectively.

The variance of an exponential distribution is the square of its mean, the variance of a sum of
independent random variables is the sum of the variances and multiplying a random variable by a
constant results in multiplying the variance by the square of the constant. Therefore, the
variance of the monetary value of the damage is

(5.2)* =Var(X +cY)=Var(X)+Var(cY)=Var(X)+c*Var(Y) =5 +c*(4)* = 25+16c”.

2 —
Solving for c gives ¢ =, /(52)1—625 =0.35707.
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520. Solution: B

Here are the possible vectors with their probabilities:

(w, X, y) X+y—w | probability
(0,1,1) 2 2/20
(0,1,2) 3 3/20
(0,2,1) 3 3/20
(0,2,2) 4 4/20
(1,1,1) 1 1/20
(1,1,2) 2 2/20
(1,2,1) 2 2/20
(1,2,2) 3 3/20

Given that Y =1, W is 0 with probability (2 + 3)/(2 + 3 + 1 + 2) = 5/8 and 1 with probability 3/8.
Then,

EW) -2
EW)=>

3 (3) 15
V(W’T@ 64

521. Solution: D

We want P(X +Y < 45).

The random variable X + Y is normal with mean 15 + 20 = 35 and variance 4% 452 — 41,
The standard deviation of X + Y = 6.40.

Then P(X +Y <45)=P(Z <1.5617)=0.9408.

522. Solution: A

Let X = number of months until the motorist is charged, which is exponentially distributed with
mean £ . Then,

05= e—1.733/ﬂ
B=25
P(L.733< X <25)=(1-e?%**)—(1-e*™**)=1-e"-1+05=05-¢".
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523. Solution: D

From the standard normal table, the 81°% percentile is 0.87790 standard deviations above the
mean. Therefore, the 81% percentile of losses covered by Policy Il is y =8000+ 0.87790(1.5k) .

y —8000
k

A loss of y covered by Policy | would be =0.87790(1.5) =1.3168 standard deviations

above the mean. Using the standard normal table, this corresponds to the 90.6™ percentile.
(Using the table provided gives 90.7.)

524. Solution: C

There are four subsets here:

Neither high blood pressure or high cholesterol: 35 - 15 =20
Both high blood pressure and high cholesterol: 9 + 9-15=3
High blood pressure only: 9 -3 =6

High cholesterol only: 9 — 3 = 6.

There are 6 choose 4 = 15 ways to select four with high blood pressure only.

There are 6 choose 1 = 6 ways to select one with high cholesterol only.

There are 3 chose 2 = 3 ways to select two with both high blood pressure and high cholesterol.
There are 20 choose 1 = 20 ways to select one with neither high blood pressure or high
cholesterol.

The total number of groups is 15(6)(3)(20) = 5400.
525. Solution: B

The probability of regularly watching News is 0.35 + 0.08 + 0.22 + 0.05 = 0.70.

Of those probabilities, 0.05 watch neither Movies or Sports, 0.08 + 0.22 = 0.30 watch exactly
one of Movies and Sports, and 0.35 watch both Movies and Sports.

The conditional distribution of the number of entertainment categories watched by those watch
News is then:

0-0.05/0.70=1/14

1-0.30/0.70 = 6/14

2-0.35/0.70 = 7/14.

The mean is 0(1/14) + 1(6/14) + 2(7/14) = 20/14 = 10/7.

The second moment is 0(1/14) + 1(6/14) + 4(7/14) = 34/14 = 17/7.
The variance is 17/7 — 100/49 = 0.388.
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526. Solution: C

Let T denote the total losses due to tornadoes. For each territory, the mean is 0.1 million and the
standard deviation is also 0.1 million. Then, for the sum of 50 such independent random
variables,

E(T)=50(0.1) =5
SD(T) =+/50(0.1) = 0.7071

PI(T >5.5) = Pr| Z > 222 _ 0.7071 | = 0.2397.
0.7071

527. Solution: D

10=Var(X +Y) =Var(X)+Var(Y)+2Cov(X,Y)=2Var(X)+2Cov(X,Y)
16 =Var(X —2Y)=Var(X)+4Var(Y)—-4Cov(X,Y)=5Var(X)—-4Cov(X,Y)

From the first equation, var(X) =5-Cov(X,Y). Substituting in the second equation,
16 =5[5—-Cov(X,Y)]-4Cov(X,Y)=25-9Cov(X,Y)
Cov(X,Y)=1

528. Solution: A

Let A be the event that the fire policy is purchased and B be the event that the flood policy is
purchased. Also let x be the probability that neither is purchased:
Xx=1-P(AUB)=0.2+P(ANB), so P(AnB)=x-0.2.

P(ANB)
P(B)

2P(ANB)

First from statement iii): P(A|B) = BIA)

=2P(B|A)=

From the second and fourth expressions in the above line we get P(B) = % P(A), since

P(ANB)=0.
Now, P(AUB)=P(A)+P(B)-P(ANB).Substituting, we get

1-x= P(A)+%P(A)—(x—0.2), and so 1_o.2=§p(A). Thus p(A)=§(o.8)=%, and

P(3)=%P(A)=%=O.2666.
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529. Solution: B

This is a Poisson Random Variable. with A = 0.25. Since we are talking about two applications,
P(x>1)=1-p(0)-p()
B e°°(0.5)° B e°°(0.5)"
0! 1
=1-0.6065-0.3033
=0.0902.

=1

530. Solution: C

Label the three dice, A, B, and C in the order presented.

If A and B are selected, an 11 can be obtained only with a 5 from A and a 6 from B. The
probability is (1/6)(1/3) = 1/18

If Aand C are selected, an 11 can be obtained only with a 5 from A and a 6 from C. The
probability is (1/6)(1) = 1/6.

If B and C are selected, an 11 is not possible.

The total probability is (1/3)(1/18) + (1/3)(1/6) = 4/54 = 0.0741.

531. Solution: D

Assuming independence:
P(F nT)=0.10(0.30) =0.03

p=1—(P(F)+P(T)~P(F nT))=1-(0.10+0.30-0.03) = 0.63.

Assuming mutually exclusive:
r=1-P(F)—P(T)=1-0.10-0.30 = 0.60
p—r=0.63-0.60=0.03.

532. Solution: D
P(F)=0.05P(FDIC) =0.80

P(F |[FDIC)=0.03=

P(FDIC) 0.80
P(F AFDIC) 0.024

We want: P(FDIC|F) = _ 228048,
ewant: P(FDICIF) === 0.05
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533. Solution: E

Since all employees are independent and have the same accident risk, all combinations of three
employees with accidents are equally likely. Therefore,

P[at least 1 accident in dept. B] = 1 — P[the 3 "accident" employees are all in dept. A]:

o)
1 B8N0 2061 5 63q3

10 120
3

534. Solution: C

e?190,10°
P[at least 1 accident during a given year] = 1-P[0] = 1—0—|' =1-e%,

P[first accident in sixth year | no accidents in first two years]

= P[first accident in sixth year and no accidents in first two years] / P[no accidents in first two
years]

= P[first accident in sixth year]/ P[no accidents in first two years]

_ PIOP°P[21]
P[0

010\° ~0.10
(™) (1-e ):0.070498.

BHj

535. Solution: A

, by independence.

Let:

X = loss under health insurance policy

Y =loss under dental insurance policy

Var(X) = 40,000; Var(Y) = 10,000; X and Y are independent
U = total unreimbursed loss = 0.2X + 0.1Y
Var(U)=Var(0.2X +0.1Y)

=Var(0.2X)+ Var(0.1Y), since independent
=0.2°Var(X)+0.1*Var(Y)

=0.2°(40,000) +0.1*(10,000)

=1700.
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536. Solution: C

P(AUB)=P(<5)=0.3
P(AUC)=P(<50r6)=0.3+0.7=1.0
P(BuUC)=P(<40r6)=0.1+0.7=0.8
0.3+1.0+0.8=2.1

537. Solution: C

In a given year, the probability of evacuating is the probability of evacuating given there is at
least one hurricane times the probability of at least one hurricane, 0.35(0.25) = 0.0875.

The probability of never evacuating in three years is 0.9125% = 0.7598.

The probability of being evacuated at least once is 1 — 0.7598 = 0.2402.

538. Solution: A

Let X = number of tests; X is geometric with success probability p = 0.0625;
P[X =n]=(1-0.0625)""(0.0625) for all values of n>1.

P[X = n] is maximized when the exponent n - 1 is minimized, which occurs at n = 1. The mode
of Xis 1.

539. Solution: D

Let Y=%(xl + X, + X;). ThenY is normal, with mean 100 and variance

(%] E%YJ(H 2+3)=9.

Thus P[X >106]= P{Z>M} —P[Z>2]=1-P[Z <2]=1-®(2).
Jo

540. Solution: B
P[5|FIP[F] O (02)(04)

P[Female | 5 Years]= P[5|F]P[F]+P[5|M]P[M]  (0.2)(0.4) +(0.4)(0.6) e
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541. Solution: A

Let X = machine’s lifetime.

Let s equal the mean. Then the cumulative distribution function is: P[X <X] =1-e™ and
P[X >x]=¢"",

Since the exponential distribution is memoryless,

0.027 =P[X >15| X >5]=P[X >10]=¢**/

S =2.76861.

Then, P[X > 25| X >5]=P[X > 20] =e 2> =0.000729.

542. Solution: B

Let | = number of low-risk employees; therefore, there are 76 — | high-risk employees.
For independent random variables, the variance of the sum equals the sum of the variances.
Therefore:

43* =1849 = Var[Total # of Accidents]

= | x Var[# of Accidents of Low Risk Ee]+ (76-1) x Var[# of Accidents of High Risk Ee]
=1(0.50)% + (76 —1)(5.50)*

= 2299 - 30l

450 =301

| =15.

543. Solution: B

Let X represent the reported loss; note that X always exceeds d and Var[X] = v.
The claim payment is p(X - d) since X always exceeds d.

Var[claim payment] = Var[p(X - d)] = p?Var[X — d] = p?Var[X] = p?v.
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544. Solution: D

Let A be the probability that total claim size is at least 2000. Let B be the probability of at least
two claims.
p[A|B]= P[AN B]'
P[B]
P[A~ B] is the probability of exactly two claims, both of them for 1000:
(0.2)(0.5)(0.5) = 0.05, plus the probability of exactly three claims, at least one of which is for

more than 500, which is the complement of all being 500: (0.1)[L—(0.5)°]=0.0875, for a total
of 0.1375. p[B] is the probability of two or more claims: 0.2+0.1=0.3. Therefore, the answer
0.1375

0.3

is: =0.4583.

545. Solution: D

This is an exponential distribution with mean 1,000,000.
F(x) =1-""% £or the fifteenth percentile:

P[X <a]=1-¢ "% -0.15

085 — e—a/l,OO0,000

a=162,519.

For the ninety-fifth percentile:

P[X <b]=1—¢ *"%0%0 — 095

005 — e—b/l,OO0,000

b =2,995,732.
2,995,732 -162,519 = 2,833, 213.

546. Solution: D

Let D be the event that the board is defective and let T be the event that the test indicates that the
board is defective. We want:

P[D|T]= PT | D]P[D] __(ogon 4
P[T | DIP[D]+P[T | DIP[D] (0.8)(0.1)+(0.6)(0.9) 31’
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547. Solution: C

Let B, denote the event “i was sent,”i = 0,1, and let A denote the event “i is received,”
i =0,1. Need to determine P[B; | A |.

P[B,]=0.7 = P[B,]=0.3, since B, and B, are mutually exclusive.

P[A1B,]=08 = P[A|B,]=0.2, since A; and A are mutually exclusive.
P[A|B]=08 = P[A|B]=02.

P[A |B,]P[B;]

A 1B, ]P[B,]+P[AIB]P[B]
(0.2)(0.7)

(0.2)(0.7)+(0.8)(0.3)
=0.37.

P[BO|A1]: P[

548. Solution: B

Let W be the event “white chip is drawn from urn B.” Let OWT denote zero white chips
transferred. Let 1WT denote one white chip transferred. Let 2WT denote two white chips
transferred. Therefore,

P[W]:P[W |OWT]P[0WT]+P[W |1WT]P[1WT]+P[W|2WT]P[2WT]

o33 0 o)
D -

549. Solution: D

PIW] -

The number of ways these 6 people can be seated at a round table is 5!. Let A and B be two left-

handed people. The number of ways 6 people can seat in a round table with A and B seating next
2)(4) 2

to each other is (2)(4!). Therefore, the probability that both A and B sit together is (L# = c

Alternatively, consider having the first left-handed person take a seat at random. There are two
of five seats remaining for the other left-hander to sit in.
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550. Solution: C

There are two tasks: choose two people from the five high-blood-sugar people and choose three
people from the remaining four people. Therefore,

54
Number of combinations = (ZJ[J =10(4) =40.

551. Solution: B

Let X = number of accidents, which is binomial with “success” probability 0.3 and 4 trials. We
want to find P[X > 2].

P[X >2]= i(i](m)k (0.7)** = 4(0.3)*(0.7) + (0.3)* =0.0837.
552. Solution: B

Since the lifetime has constant probability density in the interval [a, b], the 80" percentile is 80%
of the way from a to b, which equals: a +0.8(b —a) = a+0.8b —0.8a = 0.2a + 0.8b.

553. Solution: B

0.4= P{X <4In%}=l—exp[—4ln(5/3)/ﬂ]

0.6 =exp[-4In(5/3)/ ] = exp{ In [(5/3)-4’ﬂ]} =(5/3)"* =(0.6)"*
418 =1

p=4
Then,
0.5=1-exp(-M /4)

0.5=exp(-M /4)
In0.5=-M /4
M =4(-In0.5)=4In2.

554. Solution: D

Let X be uniformly distributed on [100, 225]. Let C be the total charge:
C=15+1.3X

_ 2
Var(C)=1.3"Var(X) =1.3 w =2200.52

SD(C) =+/2200.52 = 46.91.
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555. Solution: C

Let X;amount of beverage in one bottle i, in ounces: X; ~ N(12,6%),i=1,...,24,

Let v = 3"* x, =amount of beverage in one case, in ounces. Y ~ N(288, 240%)
P[Y >290]=0.20
p{z M} 020

\2406°

290-288

\2406?

o =0.4851.

=0.84162

556. Solution: D

1000 -
(o2

P{Z< }zO.GO

1000 -
(o2

P{Z <M}:O.80

=0.253347

o

2000— 2 _ 4 ga1601
O

Divide the first equation by the second equation:
1000—-  0.253347 _0.301023

2000— 1 0.841621
1000 — 1 = 602.046 —0.301023

4= (1000 - 602.046) / (1 0.301023) = 569.338

Then,
o =(1000-569.338)/0.253347 =1699.89

Solve for the 95™ percentile:
P [Z < w} =0.95
1699.89
N —569.338
1699.89
N =3365

=1.644854
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557. Solution: D

Let X = # of years before malfunction, which is exponentially distributed with mean 4. Then,
P[X <x]=1-¢"
P[X <5]=1-¢°"=0.40

&5/ =0.60
5
f= ~9.78808
In(0.60)

which equals the standard deviation.
558. Solution: B

The random variable X, defined as # of mice exposed to such disease on which the third mouse
catches it, follows a negative binomial distribution. The probability for the third success on the
tenth try is:

@ (0.45)%(0.55)" = 0.049943.

559. Solution: D

Let Xl and Xz represent the lifespans of the first and second units, respectively. Both are
modeled by an exponential distribution. The mean for Brand A is . The mean for Brand B is
0.54. For Brand A,

P[X, >15]=e"” = 0.046656
/3 = 4.894038.
For Brand B: P[X, >5]=e %% = ¢ 52471 _ 0 1996,

560. Solution: B

For an exponential distribution with random variable X and with mean 6: P[X > X] = efxm.

-m/6 - 2)/6
p.=¢ " and py =e"?
—(m+2)/6
Pg € (m+2) [(m+2)-m}/6 _ -13
0 = e*m/G =€ =e .
A
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561. Solution: E

8 2)\(6
There are (4) = 70 ways that 4 keys can be selected. Of those 70 ways, (J [3} =40 contain

exactly one fitting key. The solution is thus 3—8 =0.5714.

562. Solution: B

P[X>4] p_4 b-
0.9=P[X >4|X>3]:P o3l -

b—4=(0.9)(b-3)
b=1.3/0.1=13

P[4<X<11] 13_5 7

- - =07
P[x<11] 1l-a 1l-a

0.7=P[X >4| X <11]=

13-a
0.7(11-a) =7
a=1
px >4]=3=4_9 475
13-1 12

563. Solution: D

Let g =400/In2 be the mean. The expected claim payment is

1000
1000

j min (x,1000) #~"e ™ dx = j Bixe P dx + j 10004 e dx = —(x+ B)e ™|

1000

—1000eA[*
1000

400

= 3—(1000+ B)e "’ +1000e " = /;(1_ o100/ ): =
n

(1—e‘2'5'”2) = 475.06.

564. Solution: A

Domestic:

Pll<X <3]=(1-e™"™)—(1-e"*™)=0.245281
International :

Pll< X <3]=(1-e™"*)—(1-e"**)=0.132857
The desired probability is

0.4(0.245281) +0.6(0.132857) = 0.17783.
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565. Solution: B

This is a beta distribution with « = 4 and g=2.
aff _4x2 2

The variance of a Beta distribution is: @i fiaifr]) 6xT o 0.031746

So, the standard deviationis:  +0.031746 =0.178174.

The variance can also be calculated directly. The mean is

j:20x4(1—x)dx - jolzox“ - 20x°)dx = 20x° /5-20x° /6] =20/5-20/6=2/3.
The second moment is

[/ 205 (1) = [ 20x° - 20x)dx = 20x° 16 -20x" 17|, =20/6-20/7=10/21.

The variance is 10/21- (2/3)2 =30/63-28/63=2/63.
566. Solution: D

Let X denote the number of claims in the past year for a randomly selected policy. We are
looking to find:

(e—l.Zl 20 e—l.21 21 e—l.21 22]
> ! 1! 2!
P(X 23| X 21 =X 23) 0 — 0120513 _ 17546,
P(X >1) L e12 0.698806
0!

567. Solution: A

The second moment is the variance plus the square of the mean. For a binomial distribution, we
have (knowing that p must be positive)

1.80=5p(l— p)+(5p)* =5p+20p°
0=20p°+5p-1.80

0= -5++/25+144 -5+13

- =0.20.
40 40

The variance is 5p(1— p) =5(0.2)(1-0.2) =0.80 .
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568. Solution: D

The probability a randomly selected policyholder had a claim exceeding 55,000 is given by:
N 55,000 -50, OOO} _0.1837

P[claim]P[claim > 55,000 | claim] = 0.8P {Z
C

P[Z S 55, 000;50,000} 0229625
55, 000;50,000 _ 0.74008
Cc =6756.

569. Solution: A

Let T be the total number of theft claims, T has a binomial distribution with n =10 and p = 0.1,
S0:

P[T =0]= (1(;)] (0.1)°(0.9)"° =0.348678

P[T =1]= (1;)) (0.1)*(0.9)° =0.387420

Let H be the total number of hailstorm claims, H has a binomial distribution with n =10 and p =
0.2, so:

P[H =0]= (1(?] (0.2)°(0.8)° =0.107374

P[H =1] = [?j (0.2)(0.8)° = 0.268435

P[T +H < 2]=P[T =0]P[H =0]+ P[T =0]P[H =1]+ P[T =1]P[H =0]
= (0.348678)(0.107374) + (0.348678)(0.268435) + (0.387420)(0.107374)
=0.172635.

570. Solution: C

There are ng = 120 possible and equally likely combinations of three damaged pieces.

There are three events to add up, with the indicated number of possibilities.
i) 1 damaged piece insured, 1 damaged piece partially insured, 1 damaged piece uninsured;

,C.(,C)(:C,) =2(3)(5) =30.
ii) 1 damaged piece insured, 2 damaged pieces partially insured, 0 damaged pieces uninsured;

(2C1)(3C2)(5C0) =2(3)(1) =6.

iii) 2 damaged pieces insured, 1 damaged piece partially insured, 0 damaged pieces uninsured;

(2C2)(3C1)(5C0) :1(3)(1) =3.
The solution is (30 + 6 + 3)/120 = 39/120 = 0.325.
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571. Solution: C

0
E(X)—i —X dx+— X2 dx_—i %:5_6
s 10+ 30 30 30
0
10, 40 40 40
Var(X)—&—(S—Gj = 3.3156.
40 (30

572. Solution: D

P[noaccidents | safe]P[safe]

P[safe|noaccidents] = - -
P[noaccidents| safe]P[safe]+P[noaccidents| dang]P[dang]

e %°(0.4)

= =0.52.
e *°(0.4) +e7'(0.6)

573. Solution: A

The expected number of accidents for a single driver is 0.16.

The expected number of accidents for 40,000 drivers is 40,000(0.16) = 6,400

The variance of the number of accidents for a single driver is 0.16.

The variance of the number of accidents for 40,000 drivers is 40.000(0.16) = 6,400 (the variance
of the sum of independent random variables is the sum of their variances).

16400

CV(X) =~ ~=00125.

574. Solution: D

0.25, fors=1
o(s) = 0.33, fors=2

0.24, fors=3

0.18, fors=4
E(S) =0.25(1) +0.33(2) +0.24(3) + 0.18(4) = 2.35
E(S?) =0.25(1*) +0.33(2%) +0.24(3%) + 0.18(4°) = 6.61

Var(S) = 6.61—2.352 =1.0875.
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575. Solution: C

The yearly mean = 4x8=32

The yearly variance = 4x 24* = 2304

Yearly standard deviation = /2304

Answer = P[X >0]= P{Z > ﬁ} =P[Z >-0.67]

\2304

576. Solution: C

0.6 = P[lifetime < 30 | lifetime > a]
_ P[a < lifetime < 30]
~ P[lifetime > a]
0-a
_40-0 _30-a
40-a 40-a
40-0
0.60(40-a)=30-a
24-0.60a=30-a
0.40a=6
a=15.

577. Solution: A

X = total claim for thefts
Y =total claim for fires
E(X)=100,E(Y) =150

E(X +Y) =250
Var(X) =40% Var(Y) =30°
Var(X +Y) = 40% +30% = 2500

SD(X +Y) =50
cv =22 _ .20
250
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578. Solution: B

Let X — automobile Insurance
Let Y — homeowners insurance
E(X +Y)=200+400=600

Var(X +Y) =400 +300° = 250,000

SD(X +Y) =+/250,000 =500

0_6:0} =P[Z >-1.2].

P[X +Y >0]:P{Z >

579. Solution: C

P[T <2|T >1]=%

= jtetdt / Ttetdt =[—te —e | [/[—te —e | ]
1 1

=[2e" -3 /[ 2¢7] :1—ge‘l =0.4482

580. Solution: E
Var(3X, - X, -X,-X,)
=9Var(X,)+Var(X,)+Var(X,)+Var(X,)
=9(9)+9+9+9=108

581. Solution: A

E(X) = OxZ41xisox o2
6 3 2 3

E(Y)=0x241xi=t
377373

E(XY) =(OxOx%)+(1x0x0)+[2x0x%)+(0x1x0)+(1x1x%]+(2x1x0)=%

Cov(x,y)=2_4,1.8-4_ 1
333 9 9
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582. Solution: D

For independent random variables, the variance of the sum equals the sum of the variances.
Therefore:

Var(Annual Claim Payment) =3 =9
9 =52x Var(Weekly Claim Payment)

Var(Weekly Claim Payment) = %

) 9 3
SD(Weekly Claim Payment) =, [ — = —.
( y yment) \52 52

583. Solution: C

Let X represent the loss. X is uniformly distributed on [a, b].

0.5=P(X <12)=1b2_"’1

0.875=P(X >6)=0.125=P(X <6)=s_—a
-a
0.5 _4_12—a
0.125 6-a
24-4a=12-a=a=4

0.5:12—_4:>b=20
b-4

P(6< X <10) 4/16

P(X <10| X > 6) = = =
P(X >6)  14/16

217

584. Solution: E

Let X be number of thefts in one year and S be the total number of thefts in 15 years. The sum of
15 independent Poisson distributions with mean A is Poisson with mean 15A.

e *A°
0.10=P[X 21]=1-P[X =0]=1-= e
09=¢"
A =0.105361

Var(S) =151 =1.580408.
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585. Solution: D

3
PIL<Y <3[2<Y <4]= 2=V <3 _3
2

\~< c:\~<

y
36
P[2<Y <4] L

2 3

y_y
12 108|, 0.240741

2

- v v 0481481
12 108

2

586. Solution: C

Let L represent the size (in thousands) of a single loss and let Y represent the amount paid (in
thousands) on a loss by the insurance company. Then, Y =0.80(L —0.5) for all losses L > 0.5

while Y = 0 for smaller losses. Then,
P(Y >5)=P[0.8(L—0.5) > 5] = P[L > 6.75] = e *"'® =(.3247.

587. Solution: B

1=2p+3p+2p+Qq=7p+q

6=0(q)+5(4p)+10(3p)=50p

p=0.12

q=1-7p=1-7(0.12) =0.16

Var[Afternoon Routes] = (0—6)?(0.16) + (5—6)*(0.48) + (10— 6)*(0.36) =12

588. Solution: D

A single bulb’s lifetime has a variance of 1,000,000 (for an exponential distribution the variance
is the square of the mean).

The variance of the sum of five independent light bulb’s lifetimes is 5,000,000. The standard
deviation is the square root, 2,236.
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589. Solution: B
p 8—x
E(Total Payment) = 12j (x=2) ETH dx
2

8
=Ej10x—x2 —16dx
32,

3 8
125 X g6y
32 3 2

=;—§(21.333+14.667) =13.50.

590. Solution: C

Probability that the event does not end in any one round:
P[HHH]+P[TTT]=0.25>+0.75° = 0.4375.

Probability that the event ends in any one round:
1-0.4375=0.5625.
Probability that the event ends on the fifth round

= Probability that the event does not end in the first four rounds and ends in the 5" round

=(0.4375)" (0.5625) = 0.020608.

591. Solution: E

Let X be the profit and Z be a standard normal random variable.
0.25=P(u-c< X <u+c)

:P(—’U_C_ﬂ<2<—ﬂ_0_ﬂj
o o

=P(-0.25¢c < Z <0.25c) = P(Z < 0.25c) — P(Z < —-0.25¢)
=P(Z <0.25c) -1+ P(Z <0.25¢c)

P(Z <0.25c) =0.625

0.25c =0.3186

c=1.2744
The interval runs from 20 — 1.2744 = 18.7256 to 20 + 1.2744 = 21.2744.
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592. Solution: C

Let X = number of patients who test positive for diabetes, which has a binomial distribution with n
= 18 trials and success probability p = 0.15.

) ny . nei 18 i 18-i
P[X :I]:[ij p'l-p) :{ i j(O.lS) (0.85)"" =

We need to maximize P[X =1].
The mean of this distribution is np =18(0.15) = 2.7. Calculate various probabilities near the mean:
P[X =1]=0.1704

P[X =2]=0.2556
P[X =3]=0.2406
Since binomial probabilities increase, then decrease, the mode is at X = 2.

18! i 18-i
m(0.15) (0.85)

593. Solution: E

Let X = the company’s profit in a given year.

0.28=P[X <21]= P[Z < 21_39}

o
-18

—=-0.5828
(o2

o =30.885

plz <3739 |_prz < _1.1656]=0.122.
30.885

594. Solution: C
This is a hypergeometric probability:

P = Probability of 2 kings and no aces or jacks + Probability of 3 kings and no aces or jacks +
Probability of 4 kings and no aces or jacks

ol ) (ha)Z) (o)
56 )

=0.024025.
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595. Solution: D
Let X = checkout time, in minutes. Then X has a Uniform distribution on the interval [1.1, 8.6].

y-1.1
8.6-1.1
y =8.225.

P[X <y]= ~0.95

596. Solution: B

Let X be the random variable for annual profit.

P[X >3.50] = 0.3264

3.50— i
(e

P {Z > } =0.3264

3.50 - i
o

P[X >3.62]=0.2743

P{Z > 3'62_”} —0.2743
O

=0.449876

3.62— i

(o2

3.62—u 0.599860
3.50—u 0.449876
1 =[3.50(1.33339) —3.62] / (1.33339 — 1) = 3.140061
o = (3.62—3.140061) / 0.599860 = 0.800085

o’ =0.640136.

=0.599860

=1.33339

597. Solution: B

A given loss under each policy is uniformly distributed on [a, 19]. Since the expected claim
payment on Policy A is 10 when there is no deductible; (a+19)/2=10, a=1

For policy B, the expected value is
© 15202

|4 % 6.25.

19 _(x—4)?
L (X —4)(1/18)dx = %
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598. Solution: A

First, EX?) = u* +o0° =74.
Second:
P[X >0]=0.92

P{Z > 0‘“}:0.92
(o2

0-# _ 4 405072
O

1 =1.4050720
(1.4050726) + o2 = 74
2.9742275% =74

o’ =24.88

599. Solution: D

Let a be the 75" percentile and b be the 25" percentile.
P[X <x]=1-e*

0.75=1-¢ ¥~

0.25=¢*

In(0.25) = -2
y7,

a=-uIn(0.25)

Similarly,

b =—1In(0.75)
a—b=-xIn(0.25)—[-xIn(0.75)]
= 1[In(0.75) - In(0.25)]

=uln3

600. Solution: D

Let p = the probability that a given hospitalization loss is fully reimbursed.

0.8+15(0.8)°

Then, p=P[loss < 0.8]=F(0.8) = =0.65.

So, the probability that the first partially unreimbursed loss occurs on the third hospitalization is

p?(1- p)=(0.65) (0.35) = 0.147875.
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601. Solution: C

0 4
j (x—1100)i(@j dx
A 1000\ x

= [ 3(1000)° x*dx— [ 3.3(1000)" x"*dx
1100 1100
~ 3(1000)°x?|"  3.3(1000)‘x”?
—2 |1100 -3
_ 3(1000)°  3.3(1000)"
T 2(1100)°  3(1100)°
=1239.67 —826.45 = 413.22.

|OO |OO

|1100

602. Solution: D

Let p represent the probability of exactly three accidents. Then,
0.95 = P[three or fewer accidents]

= P[3 accidents] + P[2 accidents] + P[1 accident] + P[0 accidents]
=p+5p+4x5p+3x4x5p=86p
D= 0.95
86
Then,
P[two or fewer accidents] = P[2 accidents]+ P[1 accident]+ P[0 accidents]
=5p+4x5p+3x4x5p=85p

= 85% =0.93895.
86
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603. Solution: D

Let S be the number of break-ins with a security system and N be the number without. Let
E(S) = A. Then,

P(S=0)=¢* =3P(N =0) =3¢
~2=In(Be?)=(In3)-3
A=3-In3=1.90139.

Let A be the event that the house has a security system and X be the number of break-ins. Then,
P(X =2|A)P(A)

P(A| X =2)=
P(X=2|A)P(A)+P(X =2| AC)P(AC)
1.90139%¢ 19013
_ P(S =2)P(A) _ o 04
- _ _ oy 2 .-1.90139 2 .3
P(S =2)P(A)+ P(N =2)P(A°)  1.90139% 04+3¢ 06)
2! 21
= 0.10800 =0.44549.
0.10800+0.13443
604. Solution: A
-4 17X

Let X be the number of tornadoes in a month where P[X = x] = with 4 equaling the mean

x!
of the distribution.
The number of tornados in six months follows a Poisson distribution with parameter 61.

—64 0
P[none in six months] = e (64 =0.008
e =0.008
2 _ i
e “* =(0.008)% =0.20

e72ﬂ (2/1)0
1

P[none in two months] = =0.20.

Due to independence, the fact that there were no tornados in June is not relevant.
605. Solution: B

Let T be the time until failure. Then,
Pr(A|T <3) = Pr(T <3| A)Pr(A)
Pr(T <3| A)Pr(A)+Pr(T <3| B)Pr(AB)
(1-e¥0.1

- =0.1406.
(1-e¥%)0.1+(1-e¥*)0.9
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606. Solution: B

The joint density is:

y
0 1 2 Total
36/116 |12/116 |4/116 |52/116
15/116 | 20/116 |5/116 | 40/116
8/116 8/116 8/116 | 24/116
Total | 59/116 | 40/116 | 17/116 | 116/116

12/40, forx =0
p(x|y=1)<20/40, forx=1
8/40, forx=2

Variance equals

2
(02 ><E+l2 x§+ 2° xij—(0x2+lx§+ 2x£j
40 40 40 40 40 40

2
=g— 36 =49/100.
40 \40

>
N[~ O

607. Solution: B

Due to mutual exclusivity, 20% + 42% + 28% = 90% of the calls last at least 2 minutes and less
than 8 minutes. Also due to mutual exclusivity, 34% + 38% = 72% of the calls last at least 3
minutes and less than 7 minutes. The solution is the difference, 18%.

608. Solution: E

Let p represent the probability that a given patient has the disease.
Using the binomial formula, we have:

e e g

oo L1 o
P

From the first equation: 60 = (1_—j Plug into the second equation:
p

X= i603 =10,800.
20
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609. Solution: D

Let X represent the loss. Since it is given that losses never exceed 5, we have
1=P[X <5]=F(5) =c(5° +5)=30c = c=t
30

Therefore, the probability that the insurer pays something on a given loss is

P[X >3.2]=1-P[X <3.2]=1-F(3.2) :1-(:[(3.2)2 +3.2} :1—%(13.44) =0.552

610. Solution: C

Let X represent the loss. We have

T 2 m m?>  m(2000—m) m?
J' X + =m

910 = de+ dx= - .
5 2000 = 2000 4000 2000 4000

Solving the resulting equation m* —4,000m + 3,640,000 =0 for m using the quadratic formula
yields m = 1400, since the other solution, m = 2600, exceeds 2000.

611. Solution: E

First find the constant ¢ of the density function.

cﬁ(x—S)dx+T(1l— X)dx |=1

c[45+45]=1
1

c==.
9

The cumulative distribution function from 5 to 8 is:
Cry=5. (y-5?  (x-5)°
FOo=], 5= .

18 | 18
Because F(8) = 0.5, the 30™" percentile must be less than 8. Then,
0.3=F(m)= M
18
5.4=(m-5)?
2.324=m-5
m=7.324
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612. Solution: A

First, solve for c for this exponential distribution:

1 In2
j ce ¥dx =1—e % = 0.5 => ¢ =—==0.069315
) 10

Next, the expected cost of the warranty is:

35F (5) + 25[F(7.5) - F(5)]
=35(1-e"°)+25(e™° —e ")

=35(1-0.70711) + 25(0.70711—-0.5946) = 13.06.

613. Solution: D

Let 4, and A, represent the means of the numbers of accidents at the first and second

o : : e 1’ e :
construction sites, respectively. From the given data, we have Tz =1.1 e which

simplifiesto e =1.1e™%. and /4 =1.5. So 4 =(1.5)° and then,

e” =119 = 1 =(In1.1)- (1.5)* = 4, = (1.5)* - In1.1.
The standard deviation for the number of accidents at the second construction site is

J% =4/(1.5)* ~In1.1=1.46789.

614. Solution: C

For independent random variables, the variance of the sum is the sum of the variances.

Therefore, the standard deviation of the company's two-year profit is v/1100% + 2640° = 2860.
Let X represent the two-year profit.

P[X >0]= P[Z >%}=0.8643

pl7 < 0-(660+4) | _ 0.1357
2860
0-(660+4) _ _1.099844
2860

11 = 248555,
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615. Solution: B

Let D be the number of accidents in one day. Due to independence the expected number of
accidents in one day is E(D) = 63/7 = 9. For a Poisson distribution the variance is equal to the
mean. Thus, Var(D) =E(D)=9,SD(D) =3.

The probability of being two more standard deviations below the mean is
P[D<9-2x3]=P[D<3]
= P[D :0]+P[D :l]+P[D = 2]+P[D :3]
e’9’ e’9 e*9* 7’9
+ + +
0! 1! 2! 3!
=0.000123+0.001111+0.004998+0.014994 = 0.021226.

616. Solution: C

For Random Number Generator C:

10-0)°
Var(C) = % =8.3333,SD(C) =+/8.3333 = 2.8868
For Random Number Generator D:
E(D) :%[O+1+2+3+4+5+6+7+8+9+10]:5

E(D?) :%[02 +1P+ 22+ +4°+5°+6°+ 77 +8°+9° +102] =35
Var(D) =35-5% =10,SD(D) = /10 = 3.1623.

The absolute difference is: | 2.8868 —3.1623 |= 0.2755.

617. Solution: D
Var(T|F = 1) = E(T]|F = 1) — {E(T|F = 1)}2. To calculate these two expected values, we must

first find the conditional probability mass function p(t|F = 1), where t = 0,1,2.

14/ _ —
25—0.56, t=0

p(t|F =1) = §é5=a3z t=1

3/ _ _

/65_011 t=2
E(T | F =1) = 0(0.56) +1(0.32) + 2(0.12) = 0.56
E(T|F =1) = 0*(0.56) +1%(0.32) + 22(0.12) = 0.80
Var(T |F =1) =0.80—-0.56% = 0.4864.
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618. Solution: B

%”’:8.5, a=17-b

_ 2
®=3) 75 (b-a)’ =9, b-a=3
12

b—(17-b)=3,2b=20,b=10
a=17-10=7
10-9 Lo
P[X >9|X >7.5]=-—210=7 _ =2 _ 40,

10-7.5
10-7 23

619. Solution: E

e’A" 54e2°

41 0!
4

A 4

41

A" =1296,1 =6

The expected number of hits in a 60-minute period is 60(6) = 360.
620. Solution: B

P[3 products] = (0.55)(0.45)(0.50)(0.40) +(0.45)(0.45)(0.50)(0.60)
+(0.55)(0.55)(0.50)(0.60) +(0.55)(0.45)(0.50)(0.60) = 0.27525

P[4 products] = (0.55)(0.45)(0.50)(0.60) = 0.07425

So P(3 or 4)=0.27525+0.07425 = 0.3495.

621. Solution: D

Since exponential distributions are memoryless,
P[15< X <35| X >10]=P[5< X <25]=P[X <25]-P[X <5]

_1_g /5 _ (1_ e—5/15)

—e M _ oM — (0 52766.
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622. Solution: E

aT+b ~16.36, a=32.72—b

— 2 -
(b 12a) 63 E/_T; ~7.63, b—a = 26.431005

Substitute the first equation into the second,
b—(32.72—b) =26.431095

b =29.5755
Plug this value of b back into the first equation:
a=232.72—29.5755=3.1445

b 295755

= =9.4056.
a 3.1445

623. Solution: B

Let X be the normal random variable. For a normal distribution, the mode equals the mean, so
M= 56.

P[X <52.20]=0.40

p[z M} o0
(e
5220730 _ 4 253347
O
o =14.999185
Now, P[X < 65.50]=P|Z _ 6550-56
14.999185

— P[Z <0.6334] = 0.7368.

624. Solution: E

Let X — automobile Insurance
Let Y — homeowners insurance

E(X +Y) = 400-100 = 300
Var(X +Y) = 2002 +500% = 290,000
SD(X +Y) =+/290,000 = 538.5165

0-300

PIX+Y >0]=P|Z>————
538.5165

} =P[Z >-0.5571] =0.7113.
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625. Solution: E

The number of hurricanes in 3 years is Poisson distributed with mean 3. For 10 hurricanes to
occur in 10 years given that 8 have occurred in the first 7 years, 2 hurricanes must occur in the

last 3 years.

Let E be the event that 2 hurricanes occur in the last 3 years.
—3 2

Then, P[E] = 3 =0.2240.

626. Solution: A

=4 fori=12
From the given info regarding the probability of no claims, we have:
e ] e A’
ofl =05
24 =g
2 _ o (4)

A —2,=In2=0.6931.

627. Solution: C

0.14/0.70 = 0.2000,
0.21/0.70 = 0.3000,
0.27/0.70 = 0.3857,
0.08/0.70 =0.1143,
E(Y | X < 2) = 0(0.2000) +1(0.3000) +

p(y| X <2)=

|\) < v < <
Il
w wWw = o

(0.3857) +3(0.1143) =1.4143.

628. Solution: E

1
0[+1 a+2 _
a+2

a+l

a+l
0.75= j(a+1)r dr = o

a=2

1
Pr(R>05) = [ 3ridr=r| =0.875.
05 ’
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629. Solution: D

47.8=E(Y?)=a’(0.2) +1?(0.1) + 3?(0.3) +10%(0.4) = 0.2a° + 42.8
5=0.2a

a=-/25=-5
E(Y) =-5(0.2) +1(0.1) + 3(0.3) +10(0.4) = 4 .

Consequently, 6° = E(Y*)—[E(Y)] =47.8-4*=47.8-16=31.8.

630. Solution: A

I: (x—2)e *dx=—(x—2)e™*

+I e ‘dx=e2.
2 2

631. Solution: A

Py =0,X =1  1/8
P[X =1  1/8+1/2
PIY =1| X =1]=1-P[Y =0| X =1]=4/5
E[Y | X =1]=0(1/5)+1(4/5)=4/5

E[Y?| X =1]1=0*(1/5)+1°(4/5) =415
Var[Y | X =1]=4/5—-(4/5)2=4/25

Or, recognize this is a binomial distribution with n = 1 and p = 4/5 and thus the variance is
1(4/5)(1/5) = 4/25.

PY =0| X =1]=

632. Solution: D

Let X be the number of years in which his crops are destroyed. Then X is binomial withn =5
and p = 0.5 and E (benefit) is

30[0P(X =0) +1P(X =1)+2P(X =2) +3P(X =3,4,5)]

P(X =0)=0.03125 P(X =3)=0.31250
P(X =1) = 0.15625 P(X =4)=0.15625
P(X =2)=0.31250 P(X =5)=0.03125

The answer is 30[0.15625 + 2(0.31250) + 3(0.5)] = 68.4375.
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633. Solution: C

Ni: Claims filed by trucking company, N2: Claims filed by shuttle service
Note: Sum of Poissons is also Poisson.

6 o2
P[N, =6] = 28
6! 2602 32a3
2 -3 -
PN, =2]=2%— | p[N,=6|N, +N, —g]=—8.__ 2 _ (0.01203)(0.22404) _ 1,505
21 5e (0.06528)
8 A5 |
P[N1+N2=8]=5;| 8!

634. Solution: E

From the given information:
2=12+E(2)

E(Z)=0.8

2.25=0.9+V(Z)

V(Z)=135
J1.35

CV(Z) =~ 72 =145287.
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635. Solution: D

From i) and ii),
EU)=a+p+4

Var(U)=a®+ % +16
EV)=a-p

var(V) =a’ + f?
From iii),
a+pB+a=a’+p°
From iv),

a+pf+4—(a-p)=
20+4=8

p=2

Then iii) becomes
a+2+4=a’+4

a’—a-2=0
(a-2)(a+1)=0
a = 2, because the value must be positive

a’+ % +16—(a’ + %)
2

636. Solution: A

Let X denote total hail losses. We will apply the Central Limit Theorem, due to independence.
For each rating zone, the mean is 50,000 and the standard deviation is also 50,000 so the
variance is 2,500,000,000. Then,

E(X) =60(50,000) = 3,000,000
Var(X) = 60(2,500,000,000) = 150,000,000,000
Std Dev(X) = =387,298.3346
Then P [X > 3,500,000]
= P [Z > (3,500,000-3,000,000)/387,298.3346] = P[Z > 1.2910] = 0.098
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637. Solution: B

Let S be the random variable that is the number of claims processed during the year.

S is an approximate normal distribution with mean 3300(303) =999,900 and standard deviation
130(303)

V303

P[S > 1,000,000] = P{

=2262.8964 .

. 1,000,000-999,900
2,262.8964
= P[Z >0.0442] = 0.4840.

638. Solution: B

0.07/0.33=0.2121, b
0.10/0.33=0.3030, b

P(B|S =2)={0.08/0.33=0.2424, b
0.05/0.33=0.1515, b

0.03/0.33=0.0909, b=5

E(B|S = 2) =1(0.2121) + 2(0.3030) + 3(0.2424) + 4(0.1515) + 5(0.0909) = 2.60606

E(B?|S = 2) =17(0.2121) + 2°(0.3030) + 3° (0.2424) + 42 (0.1515) + 5° (0.0909) = 8.30303

Var(B|S = 2) =8.30303 - 2.606062 =1.51148.

Il Il Il
N w o P

639. Solution: B

Let X = # of fillings; Y = # of root canals

e 1* e %30.3"
= PIY =y]=——
X! y!

P[X =Xx]=

0 1 2
P[X < 2]=e{1—+1—+1—} =25e"
o u 2!

03 0.3 0.3 B 03
P[Y <1]=e {FJF T =1.3e

P[X <2]P[Y <1]=2.5e1.3e™**, by independence.
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640. Solution: E

P[At least one package lost] =1—P[No packages lost] =1-(1— p)’
P [Exactly 1 package lost and at least 1 package Iost]
= P[Exactly 1 package lost] =3p(1- p)°

p| Exactly 1 package lost | _ 3p(1— p)?
At least 1 package lost | 1—(1- p)®

641. Solution: B

P(exactly one type of loss) = 0.1(0.9)(0.8) + 0.9(0.1)(0.8) + 0.9(0.9)(0.2) = 0.306.
P(exactly one type of loss and a loss due to fire) = 0.1(0.9)(0.8) =0.072.

The conditional probability is 0.072/0.306 = 0.235.

642. Solution: C

Let X represent the car's lifetime.

Var[X | X >5] = Var[X -5| X >5] since adding a constant does not affect variance
= Var[X] since X is memoryless.

=9% =81.

643. Solution: E

HX£M=6{—+

20 2t 22 2 2
—+—+—+—}=7e2.
or 1 2t 31 41
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644. Solution: D

Each computer has the same chance of breaking, so all combinations of 3 broken computers are
equally likely. 4 computers are insured; 2 are not. Using the hypergeometric distribution:

ol
P[Uninsured = 0 | Broken = 3] = & = 44) =0.20.

6 20
3
Alternatively, using the binomial distribution the probability of three being damaged is
6
(3] (0.1)%(0.9)° = 0.01458. Assume computers 1 and 2 are not insured. The probability of three
- - - 2 0 2 4 3 l - -
being damaged and all insured is 0 (0.1)°(0.9) 3 (0.1)°(0.9)" =0.002916. The ratio is 0.2.

645. Solution: C

P [First reimbursed theft in 2nd year | Exactly 2 reimbursed thefts in 5 years]

B P[First reimbursed theft in 2nd year and exactly 1 reimbursed theft in years 3,4,5]
- P[Exactly 2 reimbursed thefts in 5 years]

(0.8)(0.2)x(ij(0.8)2 (0.2)

= = 0.30.

3oy 02y

646. Solution: D

P[at least 1 claim in 7 days] = 1 — P[no claims in 7 days] = 1 — {P[no claims on a given day]}’
=1-r.
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647. Solution: C

Let P[Heads] = p and P[Tails] = (1- p)
PIX = 1] = p(1/9) + (1-p)(1/6)=1/6—p/18

P[X = 2] =p(2/9) + (1-p)(1/6)=1/6+p/18
P[X = 3] = p(1/9) + (1-p)(1/6)=1/6-p/18
F(3) = P[X = 1]+ P[X = 2]+P[X = 3]=1/2-p/18

0.463=1_P
2 18

p =0.666
P[X =4]=0.666(2/9) + (1—0.666)(L/6) = 0.204.

648. Solution: D

2X
— for0<x<5h
f(x){ZS

0, otherwise

2 2x° 2x*["
E[X°]=[Z-dx="
)25 100

=12.50.

0

649. Solution: C

Let m be the median.

j0m8xe’4xzdx =05

+" =05

—€

0

e 41=05

2

e*™ =05

m= /_"110'5 —0.4163.
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650. Solution: E

E(Total Loss)= ) (2i+20j) (0. 2) (O.l)j (0.7)247,-

0<i+ j<2 I' '(2 J)'
=(0+0)0.49+(0+20)0.14+ (0+ 40)0.01+ (2+0)0.28+(2+20)0.04 + (4 +0)0.04
=4.80.

651. Solution: A
LetY =loss in Year 2.

0.80, y=0
0.10, y=2

p(y) = 0.06, y=5
0.04, y =10

E (Unreimbursed Loss) = E(0.4Y)

— 0.4(0.80)(0) +0.4(0.10)(2) + 0.4(0.06)(5) + 0.4(0.04)(L0) = 0.36.

652. Solution: A

The marginal probability function for X is:

0, x=0

1 3 4
—t—=—,x=1
40 40 40

pP)=12 4 6 12

40 40 40 40°
357924

40 40 40 40 40
E(X):0(0)+—(1)+—(2)+—(3)=2.5
12

E(X?)=0(0%) + (12) 20 )+ (32) 6.7

Var(X)=6.7- 2.52 =0.45.
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653. Solution: C

Let X be the value showing on a face and let S be the sum of a roll.
P[X =1]== P[X 2] _§
4
9

P[S=2]=§,P[X —3]==,P[X =4] ==

P[two sums are different] = 1 — P[two sums are the same] =
(11,44 44} , 33_48_16
99 99 99 81 81 27
654. Solution: B
Let X,, X,, X, be random variables with uniform probability density on [0,10].

X(3):Max(Xl,X2,X3)
P(X (5 <X)=P(X; <X, X, <X, X3 <x) =P(X; <X)P(X, <X)P(X; <X)

3 X3
=[P =0T = PO’ {E} 1000

(X) = X3 3x?
fa dx 1000 | 1000

12 3x° 3x* |10
E[Xa = I 1000 "= 2000| 0

655. Solution: D
Let X = number of earthquakes in next 10 years, so
2
=—(10)==
Then the mean number of earthquakes is %

) ) 2
The variance is also 3

Standard Deviation = \E =0.816.
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656. Solution: D

Then the probability sought is:
p(0,1) + p(0,2)+ p(1,1) =0.14+0.01+0.04 = 0.19.

657. Solution: C

Let i be the event that the randomly chosen individual donates items to the auction, and let c be
the event that the randomly chosen individual donates cash. Events i and ¢ could be mutually
exclusive, in which case the answerisp=1-0.3-0.6 =0.1. At the other extreme, event ¢
could be entirely contained in event i. In this case the answer is p =1-0.6 =0.4. Henc, p will
lie in the interval [0.1, 0.4].

658. Solution: D

P[AuBuC]:P[A]+P[ ]+ [ ] [AmB] P[AmC]—P[BmC]+P[AmBmC]
P[AuBULC]=P[A]+P[B]+P[C]-{P[B]P[A|B]} - {P[A]+P[C]-P[ALC]]
P[AuBuC] P[ ] [ ]P[A|B]+P[AUC]

1=O.80—(0.80)(O.15r) (0 17r )

r=4.00

659. Solution: D

Let X, denote the trial on which the r" success occurs in a sequence of Bernoulli trials. Then
X, has the negative binomial distribution:

P[X, =x]= ( jp (1- p) , where x=r,r+1r+2,..

X — 1 X—2
P[10< X, <12] = Z( j( 3 j (l] =0.0467 +0.0363+0.0280 = 0.1110.
o\ 1 10) (10

660. Solution: B

Let X = number of months until the motorist is charged, which is exponentially distributed with
1

parameter A :%:0.4. We want to find P(X >2.5)=e 25" —e¢™*.
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661. Solution: A

Let X = number of buildings in the group damaged by high tides
We want to find P[at least one damaged | at least one undamaged]
< <
P[X >1| X <3]= Pl<X <3]  0.015+0.01+0.02 9 _ 0.0466.

P[X <3] 0.92+0.015+0.01+0.02 193

662. Solution: E

At least eight problems are resolved if and only if the two technicians achieve one of the
following joint records of problem resolution:

Problems Solved by Problems Solved by ~ Probability

Technician #1 Technician #2
5 5 (2/20)(2/20) = 4/400
5 4 (2/20)(3/20) = 6/400
4 5 (3/20)(2/20) = 6/400
4 4 (3/20)(3/20) = 9/400
5 3 (2/20)(8/20) = 16/400
3 5 (8/20)(2/20) = 16/400

The solution is the sum, 57/400.
663. Solution: B

Let X denote the time it takes to complete the 5 reports. We want:

P[7.5<X <8

P[7.5—7.5 <7< 8-75

1.5 15 } _ P[0<Z<0.333]

~

P[zz .5—7.5} ~ P[Z20]

15
~ 0.13056
0.5

=0.2611.

664. Solution: B
-1

000 1
P[X >20000]=e®%  =g¢*= o The answer is binomial for number of losses:

10 (1j9(1—3j+ 10 (1)10_10(e—1)+1_10e—9
9 e e) \10)le) & o €0
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665. Solution: C

The mean for a 100 page document is 100(0.10) = 10.
P[X >4]=1-P[X <4]=1—(P[X =0]+P[X =1]+P[X = 2]+P[X =3]+P[X =4]
e 10° e™10" e™10*> e™10° e™10°

o w21 3 4l
=1-(.000045+.00045+.00227 +.00757 +.01892) = 0.97075.

666. Solution: B

P[10.5< X <11.5]=0.80

By symmetry of the normal distribution:
P[X <11.5]=0.90

P[Z< 11.5—11} 090
o

11.5-11

o
o =0.39015.

=1.28155

667. Solution: C

—-P
For the exponential model, the 80™" percentile is 1—e5° =0.8, p=804.7190.
For the normal distribution, the z-value of the 80™ percentile is 0.84162. Hence,

804.7190 500 =0.84162, o =362.06245.. Then the second moment is
O

E(X?*) =362.06245" +500° = 381,089.

668. Solution: E

Let the interval be from a to b. The median is 6 = (a + b)/2 leading to the equation a + b = 12,
The 90" percentile is 13.2 =0.1a +-0.9b leading to the equation a +9b = 132. Subtracting the
first equation from the second yields 8b = 120 for b = 15 and then a =-3. The second moment is

15 2 3 15
[ x*@/18)dx =x* /54 = (3375+27)/54= 63,

Alternatively, using the formulas for the variance and mean of the uniform distribution the
second moment is [15—(=3)]° /12 +[(15+ (-3))/ 2]* = 27 +36 = 63.
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669. Solution: C
Let p = probability of nonnegative annual profit in a given year.

Then 0.36 = P[negative annual profit in at least one of the next two years] = 1 — p?.
So, p =0.80.

Since the mean is 100, then by symmetry the probability that a given annual profit is less than
200 is also 0.80.

From the normal table, a cumulative probability 0.80 yields an approximate z-score of 0.84162.
So annual profits of 100 and 200 correspond to z-scores of 0 and approximately 0.84162,
respectively.

This means that a profit difference of 200 — 100 = 100 represents approximately 0.84162 — 0 =
0.84162 standard deviations. Thus the standard deviation of the annual profit is

100 =118.82.
0.84162

670. Solution: A

The 95" percentile of the loss is 2500+1.6449(500) = 3322.45. Since the median and the mean
are the same, the median is 2500. Therefore, the excess is 3322.45 — 2500 = 822.45.

671. Solution: C

The mean of the sum is 70+80 =150. The standard deviation of the sum is
[142 + ZOZJO'5 =24.4131. The mean of the average is % —75. The standard deviation is

24.4131 80—-75

=12.2066. The z-score we are looking for is 152066 - 0.4096. So, we want

P[X >80] = P[Z >0.4096] = 0.34105.

672. Solution: D

Let A be the mean of X, the time to failure. Let m be the median of X. Since
0.5=P[X >m]=e™*
Aln2=m
3.8=1-1In2
A =12.38379
Var(X) = 1* =153.36.
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673. Solution: B

Cov(X,Y) = po,o, =0.51)(2) =1

0=CoV[(X +Y), (€X +Y)]=E[(X +Y)(cX +Y) ] = tty .y Hoxy
0=CE(X?)+(1+C) E(XY)+E(Y?) = ty,y Hoxry

OZC(GX2 +,UX2)+(1+C)(COV(X,Y)+,le,uY)+G$ +,Lt3 - (e + o )(Coty + 4y
0=CGX2+(1+C)(COV(X,Y)+,uX,uY)+Gf

O=c+(1+c)1+2(0)+4

0=2c+5
5

C=——.
2

674. Solution: C
Let X = number of fillings this year, which is Poisson distributed with mean 3.

We need to find the smallest integer n such that P[X <n] > 0.75. Thus, we need to find the

n ef3 3i

smallest integer n such that Z 7 >0.75.
i=0 -

P[X <3]=0.6472

P[X <4]=0.8153
So,n=4
The patient should choose the policy that reimburses a maximum of 4 fillings, policy C.

675. Solution: D
P[X >1]=0.368

e*A°

P[X =0]=0.632 =

A =-In(0.632) = 0.4589
E[X?]=Var(X)+E(X)? = A+ 1% = 0.6694.

676. Solution: B

For a three-month period, the combined total number of such traffic violations is the sum of
monthly violations:

S=X + X, + X, +Y, +Y, +Y;.

Assuming independence, we have

Var(S) =Var(X, + X, + X, +Y,+Y, +Y;) =Var(X,)+ Var(X,) +---+ Var(Y;)
=15+15+15+30+30+30=135.
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677. Solution: B

m e—0.6x e—l.Zx
0.5=F(m)= _|.0.4(e’°'6X + e’“x)dx = 0.4[— - ]
) 06 1.2

m —0.6m ~12m
_04|25-5 ¢
. 0.6 1.2
-0.6m
Let Yy=¢€ .

2
125-25-3 _Y
06 12

15=3-2y-y?
y>+2y-15=0

—2++/4+6
v

=0.58114

m =—In(0.58114) /0.6 = 0.9046.

(Note that the negative solution to the quadratic equation does not work since e to any power
must be positive.)

678. Solution: C

E(X) = a+b _ 65+ 95 _ 80
2 2
2 2
Var(X) = (b-a) _ (95-65) _ 15
12 12

SD(X) =~/75 =8.660254

P[SO—\/75 <X < 80+\/ﬁ] = 88'6603;071'3397 —0.5774.

679. Solution: E

14% is the probability that a claim exceeds 500 + d. Hence,
0.14=P(X >500+d) = P(Z > 500+d -525 =0.01d —0.25)

1.0803=0.01d —-0.25
d =133.03.
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680. Solution: D

Let p be the 10" percentile of X. Then, we wish to solve for p such that
P[X < p]=F(p)=0.10.
—(x=d)
Now, F(x)=1-¢ *
~(p-d)
So,1-e 7 =0.10
—(p—d)

e 7 =0.90

~(P=9) _1n0.90
B

(p-d) _, 10

A 9
10

= fIn—+d

p=p 9

681. Solution: D
For a single policyholder, the variance is

E(X) = 0.9(0) +0.08(1) + 0.02(2) = 0.12
E(X?2) =0.9(0) +0.08(1) + 0.02(4) = 0.16
Var(X)=0.16—0.122 = 0.1456

Since the policyholders are independent, the variance of the sum is the sum of the variance, or
64(0.1456) = 9.3184.

682. Solution: C
Let X be the number with the blood disorder. It has a binomial distribution withn =3 and p =

0.01. We then want:
P[X =2and X >1]

P[X =2|X >1] =
P[X >1]
3 2
(0.01)%(0.99)
P[x=2] (2

1-P[X =0] 1-0.99°
_ 0000297 _; 15999968,

0.029701

Page 192 of 213



683. Solution: D

There are four possibilities, with the following probabilities
Neither has a theft: 0.7

A has a theft and B does not: x

B has a theft and A does not: y

Both have a theft: z

We have

x+0.7=0.8,x=0.1

y+0.7=08,y=0.1

0.7+x+y+z=10,z=0.1

The desired probability is P(A and B both have thefts)/P(B has a theft) = 0.1/0.2 = 0.5.

684. Solution: B

y—1000, 1000 <y <15000

The benefit paid is: .
0, otherwise

15000 1
E(Y) = —~1000)————dy =6533.33
N 16[)0()/ )15000 Y
15000

1
E(Y) = [(y-1000)>—-—dy = 60,977,777.78
(= Ju )" 15000 %

1000

Var(Y) = 60,977,777.78-6533.33 =18, 293,333.34
SD(Y) = 4/18,293,333.34 = 4277

685. Solution: B

A: The husband is alive after ten years
B: The wife is alive after ten years

P[A]=0.85
P[B]=0.95

PIA] 0.85 085
P[AUB] 0.85+0.95—(0.85)(0.95) 0.9925

P[A|AUB] = = 0.8564.
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686. Solution: E

Let X = number of fires a policyholder experiences this year; E(X) = 0.01.

Let Y = number of floods a policyholder experiences this year; E(Y) = 0.05.

Let p = percentage of each loss the company reimburses (expressed as a decimal).
Profit company gains for a policyholder = 1— p(30X +10Y).

E(profit) = 0.25 = E(1- p(30X +10Y))
=1- p(30x0.01+10x0.05)

=1- p(0.80)

p =0.9375.

687. Solution: A

Let Xj = number of candidates in one center. The mean and variance are both 50.

510010050
P(>X; >5100)= P(Z N T j: P(Z >1.4142)=0.07865.

688. Solution: E

This is a hypergeometric probability.

L) CBE) O
EREC AR
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689. Solution: A

Let X denote the number of hours that the operator works in the morning and let Y denote the
number of hours that the operator works in the afternoon. The possibilities and probabilities are:
(2,1)-1/3

(4,1), (4,2), and (4,3) — 1/9 each

(5,1), (5,2), (5,3). And (5,4) — 1/12 each

The marginal probabilities for Y are:
1:1/3+1/9 +1/12 = 19/36

2:1/9 +1/12=7/36
3:1/9+1/12=7/36

4:1/12 = 3/36

The mean of Y is (1)(19/36) + (2)(7/36) + (3)(7/36) + (4)(3/36) =66/36 = 1% .

690. Solution: E

P[Two policyholders have 1claim each & third policyholder has 0 claims]

=3(0.0875)(0.8000) = 0.018375
P[Two policyholders have no claims and third policyholder has 1claim]

=3(0.8000)?(0.0625) = 0.12
P[Three independent policyholders have exactly two claims among them]

=0.018375+0.12=0.138375

691. Solution: E

Sixty percent of all contract sales are for 3-year terms and thirty percent of all service contract
sales cover both parts and labor. Since no contract provides for both of these, the required
probability is the sum of 0.3 and 0.6 = 0.90.

692. Solution: E

The total has mean 10(625) = 6250. Since the claims are independent, the variances add. So, the
standard deviation of the total is 8v625 , which equals 200.

The approximate probability that the total payment exceeds 5750 is:

P{Z > W} =P(Z >-2.5)=P(Z <2.5)=0.9938.
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693. Solution: B

The given conditional statement, in terms of the cumulative distribution function reads:

1-F(25) e
0.4= . Fil(s))) = g_mk =e . S0 k = (~1/15)In(0.4). Then the probability that a pole will

last 50 years is given by ek = g®19)Int4) — g 0472.

694. Solution: E

Let X = number of missiles that will not fire. Then X is hypergeometric and

HUE

10) 210 30
4

Then P(X <2)=1-P(X =3)=1-1/30=29/30=0.9667.

P(X =3) =

695. Solution: C

The second moment is the variance plus the square of the mean. Then
12=2+A%

AP+1-12=0
(1-3)(1+4)=0
A =3 (because the value cannot be negative).

Then,
> - —0)— _
P(X 22| X 21 =X 22) 1-P(X=0)-P(X =])
P(X 21) 1-P(X =0)
_ a3 _2n3 _ _
_1-e _;?,e _1-0.0498-0.1494 _ 0.8428,
1-e 1-0.0498
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696. Solution: B
Let p = probability of positive annual profit in a given year.

Then 0.9025 = P[positive annual profits in both of the next two years] = p?.
So, p=0.95.

Since the mean is 250, then by symmetry the probability that a given annual profit is less than 500 is also 0.95.

From the normal table, a cumulative probability 0.95 yields a z-score of 1.6449. This means that a profit
difference of 500 — 250 = 250 represents 1.6449 standard deviations. Hence, the standard deviation is
250/1.6449 = 151.98.

The z-score for the 75™ percentile is 0.6745 and hence the 75™ percentile is 250 + 0.6745(151.98) = 352.51 and
the 25" percentile is 250 — 0.6745(151.98) = 147.49. The interquartile range is 352.51 — 147.49 = 205.02.

697. Solution: B

Let X = lifetime of primary blade with mean ,, . = 3 years.
Let ¥ = lifetime of secondary blade with mean ,,,. = 4 years.
P[lathe works for at least five years]=P[X >5,Y > 5]

= P[X >5]x P[Y >5] by independence

— e—5/3e—5/4 — e—35/12 — 0541

698. Solution: E

1,-1 0,-4
P(N =1) = 2P(N = 0) = ﬁ; =21§. = 1=2.
The total number of accidents X in one day at the three intersections follows a Poisson
distribution with 2 =2(3)=6. Then,

6%e® 6'e®
o
Alternatively, the probability of zero accidents is (e*2 )3 =e®. One accident means two

P(X >2)=1-P(X =0)—P(X =1) =1 = 0.9826.

intersections with zero and one with one, which can happen in three ways. The probability is
3(e?)*(2e7%) =6€"°. The desired probability is 1—e° —6e°® = 0.9826.
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699. Solution: B

P(ABS = Yes) = 200/1000 = 0.2 P(ABS = No) =1— P(ABS = Yes) = 0.8

12e?t 3278
P(N = 2| ABS = Yes) = ~0.1839 P(N =2|ABS = No) =

= =0.2240
2!

21

P(ABS=Yes|N =2)
B P(N =2| ABS= Yes)P(ABS = Yes)

~ P(N =2|ABS= Yes)P(ABS = Yes) + P(N = 2| ABS = No)P(ABS = No)
B 0.1839(0.2)
~0.1839(0.2) +0.2240(0.8)

=0.1703.

700. Solution: E
Per page the number of errors is Poisson(0.2). For 25 pages it is also Poisson, with mean 25(0.2)

=5. Then,
P(N<3)=e®+5e°+25e°/2+125¢°/6

= (L+5+12.5+20.833)e° = 39.333(0.006738) = 0.2650.

701. Solution: B

The probabilities must sum to 1, so

-1
1:k(3‘1+3‘2+---):k133_1:k(1/2):>k:2. Then,
3—2
P(0,,0,,..) =237 3% 4) =27 = 2(U/8) =114

702. Solution: B

The marginal distribution of X is zero with probability 0.85 and one with probability 0.15. The
mean is 0.15 and the variance is 1(0.15)(0.85) = 0.1275.
The marginal distribution of Y is zero with probability 0.45 and one with probability 0.55. The
mean is 0.55 and the variance is 1(0.55)(0.45) = 0.2475.
The covariance is 0.40(0)(0) + 0.45(0)(1) + 0.05(1)(0) + 0.10(1)(1) — 0.15(0.55) = 0.0175.
The correlation coefficient is

Cov(X,Y) 0.0175

~ Nar(X)var(Y) 0.1275(0.2475)
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703. Solution: C

The conditions of the problem imply:
7

1-p)yp =m(l— p)° p’®

1=7Q-p)p

1=7p-7p°

7p°-7p+1=0

o= 7+49-4(7)(2)

14
p=0.17267,0.82733

p=0.173.

704. Solution: D

Let p represent the probability that both spouses of a given married couple survive another year.
Sowe have p= (0.79)2 . Using the parameters p = (0.79)2 and n =7 in the binomial distribution

formula, we find that the probability that both spouses of each of at least 3 couples survive for
another year is

1- i[i][(mgﬂk [1-©.7972]"
=1-[1-(0.79) ] ~7(0.79)* [1-(0.79)* | ~21(0.79)* [1-(0.79)° | =0.925226.

705. Solution: E

Let X represent the loss. Note that the unreimbursed loss is 40% of the loss, so the

policyholder’s unreimbursed loss is less than 1.2 if and only if the loss is less than % =3.

The probability that the unreimbursed loss is less than 1.2 is

3

3

3 2 X+1T 3
P[X <3]=jf(x)dx=ji(5+1) olx:i(2 _1 (Llj 1 =i(£j:£
] LAV 42 3(1j 63|\ 2 63\ 8 ) 56

2
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706. Solution: A

Let Z represent the lifespan in years, which is exponentially distributed with rate parameter
A= % since the rate parameter is the reciprocal of the mean. Using the cumulative

distribution function, we have

r= P[Z < x] —l_p ™ =]—g 0
1-r=P[Z<y]=1-e" =1

One way to eliminate r is to add the two equations to get
1= 2 _(e—X/lO + e—y/lO) .
Solving this equation for y in terms of x yields

eX/10 | @ Y10 _q _y o=¥/10 _q_ a0 _ _% —In (1_ ax/10 ) — y=-10In (1—87”10) .

707. Solution: B

Let X and d represent the loss and the deductible respectively. We have

™ (500-qY

500 ¢+ 500 1000 1000

x=d

90 = E(max(0, X —d)):siowdxzsjpﬂdx_ (x-d)

0

Solving the quadratic equation for d yields d = 200 only, since the other solution d = 800 exceeds
500 (in which case, the above equation does not even apply).

708. Solution: B

The cumulative distribution F(x) is equal to

0, x<0
0.8x, 0<x<05
JX- £(y)dy = 0.4+0.3(x—-0.5), 0.5<x £1.5.
7 0.4+0.3+0.1(x-1.5), 15<x<35
0.4+0.3+0.2+0.04(x-3.5), 35<x<6
1, X > 6.

We need to find the value of m such that F(m)=0.5. Since 0.4 <0.5<0.4 + 0.3, we must have

0.5<m<15. Therefore, 0.4+0.3(M-0.5)=0.5=m-05= % =>m= % =0.8333.
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709. Solution: D

3
1-¢ j1+x =—j :%In(1+ x2)|0:1.15129c

¢ =0.86859

3
3
P[X >1]= 0.86859J' X ~0dx =0.434291In(1+ x2)|
1+ X 1
=0.69896.

710. Solution: B

The mean and median are equal for the uniform distribtion. and equal a%b. The 75" percentile
is 3(b—a)+a=2+2
4 4

a+b+a+b+3b+a_ 2a+2b+2a+2b+3b+a 5a+7b
2 2 4 4 4

711. Solution: C

Let T be a random variable representing the time until the next claim. Then,
PE<T <8|T >2]=2<T <8 _PIT <8]=PIT <5]
P[T > 2] P[T > 2]

_a 814y _ (1 _ 54 -5/4 _ -8/4
— (1 € ) (1 € ) — e e — e—3/4 —6/4 0 24924

-2/4 -2/4
€ €
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712. Solution: C
The cumulative distribution function is F(X) =1—e_ﬂx, for positive x. We have,

0.25=F(10)-F(5)=(1-e"”)-(1-e*)=e™ - =e™ —(e*"/’)2
(e%) &% +025=0

(e*-05) =0

e’ =0.5.

Then,
F(20)-F(10)= (1-e )~ (1-e™%) =™ — 2 = () (%)’
=(0.5)"~(0.5)" =0.1875.

713. Solution: A

5
1=c le _° j =%In(1+x2)|0=1.62905c

c=0.61386

m
dx :%In(1+ x?) o =0.30893In(L+ ")

In(L+m?) =1.62905

1+m?® =5.09902
m = 2.02460.

714. Solution: C

S

2 J‘|I’1X

~(In80Y Y x
j'”—xd —7.20081

XIS _ 4 50081
1
2
@ — 7.20081
s = 44.47586.
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715. Solution: B

For each selling price, the probability for the combined offices is 0.7 times that for Office #1
plus 0.3 times that for Office #2. The individual and cumulative probabilities are (stopping when
the cumulative probability exceeds 0.500.

150: 0.215 and 0.215
155: 0.115 and 0.330
160: 0.080 and 0.410
165: 0.100 and 0.510

The median is the smallest value such that the probability of being less than or equal to it is
greater than or equal to 0.5. The first value with cumulative probability greater than or equal to
0.5 is 165.

716. Solution: D

The marginal probability of a $5 million cost of recall is (0.05)(0.10) + (0.10)(0.25) +
(0.25)(0.30) + (0.50)(0.25) + (0.90)(0.10) = 0.32. The marginal probability of a $10 million cost
of recall is 1 — 0.32 = 0.68. The expected cost of recall is 0.32 x 5 + 0.68 x 10 = 8.4 million.
717. Solution: A

Conditional on X < 25,000, we update the table as follows:

0 25,(;(00 50,000
0 0.00 0.125 0
25,000 0.250 0.375 0
50,000 0.125 0.125 0
Conditionally,
P[Y =0]=0.125

PLY = 25,000] = 0.625

PLY =50,000] = 0.250

E(Y | X < 25,000) = 25,000(0.625) +50,000(0.250) = 28,125

E(Y?| X < 25,000) = 25,0007 (0.625) + 50,000 (0.250) =1, 015, 625,000
Var(Y | X < 25,000) =1,015,625,000 - 28,125 = 224, 609, 375.
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718. Solution: D

For any Poisson distribution, consider the ratio
efl/lﬂl
PIX=i+1] (+1)! A
PIX=i] e’ i+l
i!
The probabilities increase as long as 1+1< A and decrease when i+1> A. The mode is the
smallest value of i such that i > A —1 and if A isan integer, both 4 and A-1 are modes.

For city B the mode is 2 and 3 and hence the mean is 3. For city A the mean is 4(3) = 12 and
hence the modes are 11 and 12.

Alternatively, if the modes are both 2 and 3, then the probabilities of these two values must be
equal. Hence,

2,4 34-4
A :/I ° :1:131:3.

2 6 2 6
The mean for city A is then 4(3) = 12. Inspection of the first equality reveals that if the mean is
an integer, the Poisson probabilities are equal at the mean and the mean minus one. Hence the
modes for city A are 11 and 12.

719. Solution: D

For a Poisson distribution the mean and variance are both equal to A. Then,
3=E(X-Y)=4, -4 =4 =3+4,

Var(X) =1, =2Var(Y) =24,

3+ 4, =27,

A, =3

E(Y?)=Var(Y)+[E(Y)] =3+3 =12.

720. Solution: E

The 5" and 99" percentiles from the Normal table are -1.64485 and 2.32635.

T23°H _ 1 6a4gs, S
(o) o
Simultaneously solve and get

o =27.19580, 11 =19.73311

=2.32635

2 _1.37818.
Y7,
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721. Solution: D

The sum of the individual normal claims is also normal with mean 122,500 and standard

deviation [49(700)]"* =4900. The z-value for the 90" percentile is 1.28155. The percentile is
122,500 + 1.28155(4900) = 1,28,780.

722. Solution: B

Snowstorms Cost Probability
0 0 0.13534
1 200 0.27067
2 500 0.27067
3+ 1000 0.32332

E(Cost) =512.79
E(Cost?) = 401,818.05
Var(Cost) = 401,818.05-512.79* =138,861.

723. Solution: B

Let the subscripts L, M, and H refer to the three types of policyholder. From the given
information (where the third equation uses the law of total probability):

Pu = 2p|_
Py :4p|v|
0.15p, +0.55p,, +0.30p,, =0.018.

Then,
0.15(0.5p,,)+0.55p,, +0.30(4p,,) =0.018

1.825p,, =0.018
p,, =0.018/1.825 =0.00986

724. Solution: D

Let n be the number of employees. The mean and variance of total claims are then 2500n and
490,000n. The 90" percentile of the standard normal distribution is 1.28155. Then,

167,168 = 2500n +1.28155(490,000n)°°

Letting x be the square root of n produces the quadratic equation and solution
2500x” +897.085x 167,168 = 0

. ~897.085+4,/897.085% + 4(2500)(167,168) ~
- 5000 B

8.

Then n =8(8) = 64.
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725. Solution: E
Let M = the number of mergers occurring during a single calendar year.

P[M =3]=P[M =4]

e *1: et
3 4l
1=4

4
A=4

P[M >3]=1—P[M =0]-P[M =1]-P[M = 2]
ef4 40 e74 41 ef4 42
o 11 2

=1- =1-0.23810=0.76190.

726. Solution: D

First find the marginal probability function for Y:

y probability

0 6/28

1 8/28

2 8/28

3 6/28

2
E(Y)=£,E(Y2)=%,Var(v)=%—(£] =1.10714.
28 28 28 \ 28

Next find the conditional probability function for Y|X=0:

y probability
0 3/6

1 2/6

2 1/6

3 0

2
E(Y | X =O)=%,E(Y2 | X =0) =g,Var(Y | X =0) =1—[%] = 0.55556.

var(Y) 110714

= =1.99286.
Var(Y | X =0)  0.55556
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727. Solution: B
Let X represent the loss, which is exponentially distributed with mean £ .

Let Y represent the amount that the insurer pays the policyholder, which has mean 1200.
Note that Y = 0 when X < 0.4 ; otherwise, Y = X — 0.453.

Keeping in mind that the exponential distribution is memoryless, we have

1200 =E(Y) = P[X <0.4B8]E(Y | X <0.48)+P[X >0.4B]E(Y | X > 0.45)
=P[X <0.4B]E(0| X <0.48) +P[X > 0.4B8]E(X —0.453| X >0.453)
=P[X <0.4](0)+P[X >0.48]E(X)

048

Thus £ =1200e** =1790.

728. Solution: A

For zero visitors in a one-hour period:
0.60653=¢*

A=05

For a two-hour period:

A=2(0.5) =1.

P[Fewer than two] = P[0]+ P[1]
e—llo eflll

= + =0.73576.
0! 1!
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729. Solution: E

GICRORE

1Y, 1 (1Y 1
— | 1+=+|=] +...|==
3 3 \3 6
1YL |1
3)1, 1] 6
. 3
1)y _1
3 9
c=2
P[N<5|N23]:P[N:3]+P[N=4]

1-P[N < 2]
P[N = 3]+ P[N =4]
1-P[N =0]-P[N =1]-P[N =2]
~ 0.02469 +0.00823 ~0.03292
 1-0.66667 —0.22222—0.07407  0.03704

=0.88889.

730. Solution: A

Let m represent the median and let s represent the 75" percentile.

s=m+1.3863

e™/ =05e=0.25

m/ 8 =0.69315,s/ 3 =1.38629
s/im=2

m+1.3863 = 2m

m =1.3863

£ =1.3863/0.69315 =2

P[X <3]=1-e%2=0.77687
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731. Solution: D

Since 24.2 is the 80™ percentile of the distribution of X:
242-299 4162

Ox
oy =5
25=0,2=Var(X)=0.5E(Y),E(Y) =50
Var(Y)=25=a’Var(X)=a’25,a=1
50=E(Y)=E(aX +b)=aE(X)+b=20a+b=20+b
b =30.

732. Solution: C

The mean p of the distribution is 5 and the variance is (72 =25
64

2 X

Let X1, X9,...,Xga be a random sample from this distribution and X = % the

corresponding sample mean. The desired probability is

P[X >6]= P{:/_\/%l > :/_\/ﬂﬁ}

6-5
PlZ>—— Z approx. stand. normal by CLT
{ @/@} (2 app ycLm

=P[Z>1.6]=0.0548.
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733. Solution: A

Let A represent the event that the selected policyholders has medical insurance.
Let B represent the event that the selected policyholders has dental insurance.

From the given data, we have

% =0.25= P[AnB]=0.25P[A] and
PIACBI_ 4= P[A~B]=04p[B] = 0.25P[A] = Fo) - 022
PIB] P[A] 04

s P[AuB] P[A]+P[B]-P[ANB 0.25
Therefore, the desired ratio is ?= [P[A] ]: A] [P[]A] [ ]:1+H_0'25:1'375'

An alternative way to think about it is as follows:

Assume 200 policyholders have medical. Then 50 also have dental and thus 150 have medical
only.

Assume x have dental only. We have 0.4 = 50/(x + 50) for x = 75.

Thus there are 150 with medical only, 75 with dental only, and 50 with both, for a total of 275.
The number with medical is 200. The desired ratio is 275/200 = 1.375.

734. Solution: E
Let X denote the time until failure.
The pdf of X'is f (x) = %ex’g and the variance of X is 6°.

Next,
[ (0=
0 100

2 A
r ie‘x’@dx:l—e 0 =1—g* :L
o4 100

=k =1oo(1—e-f’)
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735. Solution: C

Set up a joint probability table and then a marginal function for X.

X
1 2 3
y 1 | 2/60 3/60 4/60
2 | 5/60 6/60 7/60
3 | 10/60 11/60 12/60
fx(X) 17/60 20/60 23/60

17, 20, 23
0.44E(X) = 0.44[% O+, +E(3)} =0.44(2.1) = 0.924.

736. Solution: C

E(X?) =6
E(X)=1,Var(X)=1
E(X?)-E(X)2=2
6-A2=1
0=A2+1-6
0=(1-2)(1+3)
A=2

P(X >3) =1-P(X =0)—P(X =1) = P(X = 2)
e—2 20 e—2 21 e—2 22

SRR TR

—1-0.13534—0.27067 —0.27067 = 0.32332.
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